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Figure 14.7 Currency option prices from The Wall Street Journal. Source: (Reprinted with permission of
The Wall Street Journal, p. C16. © May 16, 2001.)

14.15 FuTures OPTIONS

A call futures option gives the owner the right, but not the obligation, to assume a long position in
an underlying futures contract. As in other options, the buyer of a futures call option pays a pre-
mium to the futures call option seller (writer). The writer of a futures call has the obligation to
deliver a futures contract to the futures call owner, should the futures call owner decide to exercise
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14 INTRODUCTION TO OPTIONS

~the option. If the writer had written a naked futures option, upon exercise he will have a short posi-

tion in a futures contract. If the option were written as part of a covered write, the writer will just
deliver the futures contract he owns. That is, the call owner will effectively assume the long futures
position at the strike price of the futures option. Upon exercise of a futures call, the positions are
marked to market. Thus, whereas the exerciser of an “ordinary” call must pay $K to acquire the
asset, the exerciser of a futures call is actually paid the option’s intrinsic value, F~ K, to go long a
futures contract. Note that F is the futures settlement price on the exercise day.

The owner of a put option on a futures contract has the right to go short a futures contract at
the strike price. The writer of a futures put must accept a long position in a futures contract, should
he ever be assigned an exercise. Again, all positions are marked to market once the owner has exer-
cised his put. ’

Futures options trade on many different exchanges, with underlying assets consisting of virtu-
ally every successful futures contract. The Wall Street Journal presents their prices in a table
named “Futures Options Prices.” Figure 14.8 illustrates how such futures options price data are
presented.

Different conventions exist for interpreting futures options price data. Therefore, before you
ever trade futures options, be sure to learn how to read the data. Let’s look at some examples.

‘ EXAMPLE 149 On November 4. 2001, a trader buys a call option on a December
- 2001 S&P 500 futures contract. The call costs $8925, has a strike price of 1370, and
expires on the Saturday following the third Friday of December (but the last trading day

is actually the preceding Thursday). On that day; the December futures price is. 1362.64.

By buying this out-of-the-money call, the trader has the right to go long a December

futures contract at a futures price of 1370. He will not want to exercise his call unless the

futures p1.ce of the December contract rises above 1370. However, he can sell the futures

call at any time.
-Suppose that before expxratlon, the December S&P 500 futures pnce rises to 1425.00
aad the futures call premium rises to $14,000. The trader can sell his futures call for

-~ $14,000, or he can exercise it. If he does the latter, he will thien assume a long position in

one December S&P 500 futures contract at a futures price of 1370. Since the futures set-

. tlemen price for the. contract on the day he exercises is 1425.00, his long position is

© marked to market, and he receives a cash inflow of (250)(1425 - 1370)=$13,750. On sub--
o ;‘sequcnt days, hxs iong fugures position is marked to market until he offsets his futures posi-

ay is reached) Recall that S&P 500 futures are cash.settled: Note

that k .‘mider recewes, ore money by selhng the futures call option than by exercising it.

trader does exercise his futures call, a-'writer is assigned the exercise. If the indi-

; ,,.wdual' who is assigned is a;naked writer, he must assume a short position in a March S&P
500 futures contract at a price of 1370. Because his position is immediately marked to mar-

ket, he also has a cash outflow of $13,750. If the individual who is assigned the futures call

is a covered writer, he will deliver his futures contract at a futures price of 1370. He also

wﬂl pay $13,750. However, if he originally went long that contract at a futures price below
, he has reahzed some dally resettlement cash mﬂows on his long futures position.
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Figure 14.8 Some futures optibns prices from The Wall Street Journal. (Reprinted with permission of
The Wall Street Journal, p. C18. © May 16, 2001.)
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In Figure 14.8 the June 113 call on a Dow Jones Industrial Average futures contract has its
premium listed as 21.40. However, note that at the heading says “$100 times premium.” This
means that the dollar cost of this futures call is ($100)(21.40)=$2140. This option no intrinsic
value because the June futures settlement price on May 16. 2001 was 11,252 while the strike price
of this call is 11,300. If the futures price subsequently rises above 11,300, then the call will be in
the money. Note that the futures price for the June DIIA futures contract does not appear in Figure
14.8. It could be tound in The Wall Street Journal for that day, however, in data like that shown in
Figure 6.5. Note also that the underlying asset of the July DJIA futures options is a September
DIJIA futures contract. This illustrates an important fact that all users of futures options should
investigate: many futures options have expiration dates in months that are not the same as the
delivery months for the futures contracts that underlie them.

The June 101 put on a T-bond futures contract has a premium of 1-45. According to the header
line of the table, this is 1 45/64% of $100,000. Thus, the dollar cost of this put is $1,703.125. This
put consists of 1 18/32 (101-99 14/32) of intrinsic value and %64 (1 45/64—1 18/32) of time value,
because the June T-bond futures settlement price was 99— 14 (99 14/32: whereas T-bond option
prices are quoted in 64the, T-bond futures prices are quoted in 32nds) on that day. This put is in the
money. The T-note futures option prices are read in the same way as T-bond futures options.

For the foreign exchange futures options on Japanese yen, Canadian dollars, British pounds,
and Swiss francs, the premiums listed are presented as cents per unit of foreign exchange. That is,
to compute the price of the futures option in cents, take the listed price and multiply it by the num-
ber of units of foreign exchange in a futures contract. Divide that figure by 100 to get the price in
dollars. For example, the June 1450 British pound futures call has a listed premium of 0.40, or
0.40 cent per pound. In dollars, this is ($0.0040/£)(£62,500) = $250. This call is out of the money
because the June British pound futures settlement price was $1.4294/£ on that day. Note that
the June British Pound futures settlement price does not appear in Figure 14.8. It would have
appeared, however, in The Wall Street Journal in data like that shown in Figure 6.5.

The Japanese yen futures options are a little different. Look at the header line of the table. It
states that the prices are in “cents per 100 yen.” This is actually the same convention that is used
for yen futures price data, where the header line reads *“$ per yen (.00).” The June 8200 put price
is 1.24. The dollar price of this put is ($0.0124/100 yen)(¥12,500,000)=$1550.

The last trading day of futures options difters from contract to contract, and it can differ for a
given contract, depending on whether the option expires in the futures’ delivery month or in a non-
delivery month. Always contact the exchange on which a futures option (or futures contract) trades
for current contract specifications, since these can change at any time.

Futures options were illegal in the United States for long periods of time in the past. They
were blamed for creating excessive volatility, and a subsequent collupse in grain prices, in July
1933. Because of that, the Commodity Exchange Act of 1936 made trading in options on “regu-
lated commodities™ illegal. However many commodities, such as metals, were not regulated. In the
late 1960s and early 1970s options on spot gold and silver were sold to some investors. In addition,
other firms bought commecdity options in London (they were legal there) and sold them to Ameri-
can investors.

New scandals emerged as many investors found.that they had grossly overpaid for these
options. Some investment firms sold options they did not own, and when investors tried selling
them or exercising them, the firms declared bankruptcy. The CFTC proceeded to ban trading in
virtually all commodity options (options on individual stocks were legal, however) and futures
options in June 1978. After considerable research, the CFTC rescinded its ban in 1982 and allowed
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futures options to trade on futures exchanges. The new futures options were regulated to minimize
the likelihood of fraud and scandals.

14.16 OTHER OPTIONS

There are two broad classifications of “other options.” The first consists of the set of options on
various other underlying assets. For example, there is the huge OTC market for customized inter-
est rate options (and options on debt instruments). When interest rate options are used to manage
floating interest rate risk, they are called caps and floors, because they create a cap (a maximum)
interest rate that will be paid in the future, or a floor (a minimum) on the interest rate that will be
received. A cap is actually a call option on an interest rate, or a series of call options with future
periodic expiration dates (such as quarterly or semiannually). A floor is actually a put option, or a
series of puts, on an interest rate. Caps and floors are discussed in Chapter 19. Options on debt
instrument are covered in Chapter 20. '

Another interesting underlying asset is a swap. A swaption gives the owner the right to enter
into a swap as either the fixed-rate payer or the fixed-rate receiver. Furthermore, since a swap is
nothing but a portfolio of forward contracts, each having a different settlement date, a swaption is
actually an option on this portfolio of forwards. In Chapter 20, we discuss swaptions. Related
derivatives are the callable swap, which is a swap with the option giving the pay-fixed party the
right but not the obligation to exit the contract, and the puttable swap, which is a swap that permits
the receive-fixed party to terminate the contract. Be caretul when using this terminology; be sure
that both you and your counterparty understand the contract’s terms in the same way.

The second broad classification of “other options™ consists of exotic options, which are
options that have unusual payoff mechanisms. In Chapter 20, we discuss several exotic options.
Exotic options are generally classified into two groups: path-dependent options, which are options
with pay offs that depend on the price path of the underlying asset before expiration, and free-
range options, whose value is not path dependent.

Financial engineers are providing an endless stream of options that help manage risk. Inter-
ested readers should refer to Chapter 20, and also seek out other information on path-dependent
and free-range exotics.?}

14.17 SUMMARY

This chapter is an introduction to options and options markets. An American call option gives the
owner the right, but not the obligation, to buy the underlying asset at the strike price on or before
the expiration day. The writer of a call has the obligation to sell the underlying asset, should he be
assigned the exercise. An American put option gives the owner the right but not the obligation to
sell the underlying asset at the strike price on or before the expiration date. The put writer is oblig-
ated to buy the put if he is assigned the exercise. European options can be exercised only on the
expiration day.

The intrinsic value of an option is the greater of zero or its in-the-money amount. Time
value equals the option’s price minus its intrinsic value. At expiration, an option is worth only its
intrinsic value. If option prices on the expiration day are not exactly Cr =max[0, S —K] and
Pr=max[0, K~ S], there will be arbitrage opportunities. Before expiration, options will almost
always have some time value. The exceptions are deep in-the-money European options.
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European call values C are higher for lower strike prices K, higher prices of the underlying
asset §, longer times to expiration T (assuming no dividends), higher volatility of the underlying
asset 0, higher interest rates r, and lower dividends prior to expiration. Put values P are higher if
the strike price is higher, the price of the underlying asset is lower, the volatility of the underlying
asset is higher, interest rates are lower, and dividends are higher. American puts cannot rise in
value as time passes, all else equal, but it cannot be predicted how the value of a European put will
change as its expiration day nears (all else equal).

Several features of options markets were described. Market makers at options exchanges
quote bid prices, at which individuals can sell options, and asked prices, at which investors can buy
options. The asked price always exceeds the bid price. Investors will typically either place market
orders or limit orders to trade options. Market orders are likely filled at the current bid (if it is
being sold by the individual) or the carrent asked (if the option is being purchased by the individ-
ual). Those who place market orders demand immediacy. In contrast, those who place limit orders
are supplying liquidity, but they face the possibility that their orders to buy or sell options at a spe-
cific price will not be filled. The Options Clearing Corporation guarantees that the terms of all
listed options will be fulfilled. -

Finally, this chapter explained how to read prices in the financial press, and it briefly covered
the topics of margin requirements, transaction costs, and taxes.
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Notes

!An index option is an option on a portfolio of stocks, such as the S&P 500, the S&P 100, or the Dow Jones Indus-
trial Average.

2A futures option is an option on a futures contract.

3An OTC (over-the-counter) option is a custom-made option that does not irade on an organized exchange.

“Flex options were created by ioptions exchanges in the United States to gain market share of the institutional option
market. Institutions desired contracts that were custom made according to expiration date, strike price. and
European vs American styie. Flex options can be designed in these ways, and they trade on option exchanges.
SWhen a person who owns the underlying asset buys a put, he is purchasing insurance. If the value of the asset
declines below the strike price, he will exercise his put and receive $K. He has insured against the possibility that
the value of his underlying asset will fall below K. The price of the purchased put is the cost of insurance.



NOTES

OThis statement may not be true with respect to European calls on stocks that will pay dividends some time between
the current day and the expiration day. It is always true for American calls, and for European calls on non-dividend-
paying stocks.

There are rules that define exactly who is entitled to distributions of cash and/or stock made by a firm. On a stock’s
ex-dividend day, the stock trades without the dividend. Thus an investor who buys a stock on its ex-dividend day is
not entitled to receive that distribution. Prior to the ex-date, a stock is said to trade cum-dividend or with-dividend.

8We say “should” because in reality, stocks, on average, seem to fall by somewhat less than the dividend amount.

9This simple view of the world holds under specific assumptions. For example, it holds in a world of perfect capital
markets and no taxes. Capital markets are said to be “perfect” when (a) there are no transactions costs; (b) securities
are infinitely divisible, so that investors can buy fractions of securities; (c) information is costlessly available to
everybody; and (d) investors are price takers, which means that their trades do not affect prices. See Chapter 3 of
Fama and Miller (1972).

1%1n a stock split or stock dividend, a firm distributes x new shares for every old share an investor owns. For exam-
ple, in a 2-for-1 split, an investor receives 2 new shares for every old share, thus doubling the number of shares
owned. However, the price of the stock will fall by about 50%. Thus, an investor might own 100 old shares of a
stock selling at $60/share before a split. On the ex-split date, he will own 200 new shares of a stock that will likely
sell at $30/share. Stock dividends are usually smaller distributions than stock splits (e.g., a 5% stock dividend), and
the two events are handled somewhat differently for accounting purposes.

""The exception to this statement is a European call on a stock that will trade ex-dividend prior to the expiraticn
date. If the dividend amount is large, the call could be worth less than its current intrinsic value.

12There is an exception to this statement. In-the-money European puts can actually rise in value as time passes, all
else equal. This phenomenon will be discussed in Chapter 15.

30ther variables that may play a role in option valuation include the skewness of the stock’s distribution of returns,
the probability that the stock will jump in value (a discontinuity in price), uncertainty about the future’ movements
in interest rates, taxes, investors’ risk aversion and/or beliefs (expectations) about future stock price movements,
transactions costs, margin requirements for the options and for the underlying asset, and market microstructure
(e.g., the level of competition amf)ng market makers, trading volume, and market-maker positions in the options).
!4This diagram is a more accurate picture of American put pricing than of European put pricing. In-the-money
European puts can sell for less than their intrinsic value and can also rise in value as time passes, a phenomenon that
will be discussed in Chapter 16.

!3Consider the range of possible stock prices for a typical $50/share stock tomorrow; you might believe the range is
$49-351. However, the dispersion of possible stock prices one week from today will likely be wider, perhaps
$45-350. One year from now, the stock might sell anywhere between $20 and $100. Thus, the longer the time hori-
zon, the greater the dispersion of possible stock prices.

1®The discussion in the text about the indeterminate relation between put values and time to expiration applies only
to European puts. All else equal. American puts will never rise in value as time passes. If the second argument about
the timing of the receipt of the sales proceeds becomes important, the holder of an American put would be well
advised to exercise it early. Also, note that the first effect concerning the range of stock prices dominates when the
put is out of the money. The second argument becomes increasingly important as the stock price falls, and the put
becomes deeper in the money.

7In October 1990 the CBOE and AMEX initiated trading in options with times to expiration of up to 30 months.
These options are called LEAPS (long-term equity anticipation securities).

"8[n other words, the customer of the clearing firm that wrote the option at the earliest date is assigned.

19There is some timing risk here. The option writer who is assigned an exercise may not learn of it for a day or two.
During that time the stock price may change.

201f an investor writes a naked index option, the formulas for margin are slightly different. Instead of using 20% of
the market value of the underlying stock, use 15% of the market value of the stock underlying the index.
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2IThe CBOE publishes a useful booklet titled “Taxes and Investing: A Guide for the Individual Investor,” which can
be downloaded at the exchange’s website (www.cboe.com/resources/tax.htm).

22A security’s beta is its relative volatility compared to the market. If a stock tends to rise (fall) x% when the market
rises (falls) x%, then it has a beta of 1.0. A stock that tends to rise (fall) by ! /2% when the market rises (falls) by 1%
has a beta of 1.5. Beta is usually estimated by regressing the stock’s returns on the market (the market model):

R, =a,+bR, +e,,

S tmt
where
R, =return on security i during period ¢
R,.,=return on the market during period ¢
a;, b;=regression coefficients; b, is the estimate of security i’s beta
e;,=a random error term

23Gee, for example, Konishi and Dattatreya (1996, Chapter 41), Wilmott (1998), or Hull (2000, Chapter 18).

PROBLEMS

14.1 There are six basic derivative positions: Figure P14.1 shows the six profit diagrams for
L. Lone forward the six positions. In each diagram, the profit is
) & on the y-axis (the vertical axis) and the expira-
2. Short forward tion day price of the underlying asset is on the
3. Long call x-axis. Match each diagram (a—f) with the
4. Short (written) call appropriate position listed above.
5. Long put 14.2 Which is worth more: a deep in-the-
6. Short (written) put money call or a deep out-of-the-money call?
(a) (b) /_ (©)
/ / /s
d
@ © ®
‘\ > ,/ >

Figure P14.1.
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14.3 Explain why ex-dividend days wiil make
calls less valuable and puts more valuable, all
else equal.

14.4 Suppose you owned a call, and after the
close of trading, the company announces that
its next dividend will be considerably greater
than you, or any one else, expected. The next
ex-dividend date falls prior to your call’s expi-
ration date. Will your call open higher or lower
the next day?

14.5 Refer to the America Online (AmOn-
line) option price data in Figure 14.5.

a. Are the calls with a strike price of 55 in
the money or out of the money? Why?

b. Are the puts with a strike price of 55 in
the money or out of the money? Why?

¢. What is the intrinsic value of the July
50 calls? What is the time value of the
July 55 calis?

d. What is the intrinsic value of the July
50 puts? What is the time value of the
July 55 puts?

e. Suppose you bought one July 55 call at
the price shown, and at the close of
trading of the expiration day, America
Online closed at $57/share? What
would be your profit or loss? What
would be your holding period rate of
return? What would be your annual-
ized rate of return?

f. Suppose you wrote one July 50 naked
put at the price shown, and at the
close of trading of the expiration day,
America Online closed at $43. What
would be your profit or loss? Under
what conditions would the owner of
a July 50 put exercise the put at
expiration?

14.6 How is it possible for the value of a call
to rise from one day to the next if the stock
price remains unchanged on those two days?

147 An option is quoted at “2.70 bid-3
asked.”” What are the potential benefits and
costs of placing a limit order to buy the
option at 2.70 versus placing a market order
to buy?

14.8 Suppose that at expiration, a stock is
quoted at “44.10 bid—44.20 asked.” A put
option with a strike price of 45 is quoted at
*“0.90 bid-1.00 asked.” Demonstrate whether
an arbitrage opportunity does or does not
exist. Suppose that the put is quoted at “0.60
bid-0.70 asked.” Demonstrate whether an
arbitrage opportunity does or does not exist.

14.9 What are the six fundamental determi-
nants of option values? Predict how call values
change (increase or decrease) as each of
the six parameters decreases, all else equal.
Predict how put values change as each of the
six parameters decreases all else equal.

14.10 Refer to Figure 14.5. What would be
the required margin for writing a naked Cisco
July 25 put? Why would an individual want to
write this naked put? In general, compare the
benefits, risks, and costs to these two strate-
gies: writing a naked put versus buying a call.

14.11 Which is worth more: an American
option or a European option? Why?

14.12 In Figure 14.5, refer to the AmOnline
and ApdldMat calls with a strike price of 50
that expire in June. Discuss the possible rea-
sons that the ApdldMat calls sell for more than
the AmOnline calls.

14.13 Refer to the Broadcom options in Fig-
ure 14.5. Use the information to infer whether
Broadcom common stock has been generally
rising or falling over the past several months.

14.14 Explain why an increase in volatility
increases the range of both good and bad out-
comes for a stock, yet it unambiguously
increases the value of both put and call
options.
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14.15

14.16

14.17

a.

a.

b.

What makes index options different

from ordinary options on individual equities?

Refer to Figure 14.8 to answer the

following questions.

What is the call premium for the June
8100 call on a Japanese yen futures
contract? What is the underlying asset
of this futures option?

. The yen futures price for the contract

deliverable into the June futures
options was $0.008126/¥. In dollars,
what are the intrinsic value and the
time value of the June 8100 futures
call? What are the intrinsic value and
the time value of the June 8200 futures
call? What are the intrinsic value and
the time value of the July 8050 and
July 8300 puts on yen futures?

. If a yen futures option premium is

$187.50, what price would you see in
the presentation of futures options
price data, as in Figure 14.87

Which of the following correctly

describes the situation of the writer of a call
option?

‘has the right to sell the underlying

asset at the strike price. _ _
has the right to buy the underlying
asset at the strike price.

. has the obligation to sell the underlying

asset at the strike price if the call owner
exercises.

. has the obligation to buy the underly-

ing asset at the strike price if the call
owner exercises.

€.

f.

14.18

has both the right and the obligation to
sell the underlying asset at the strike
price.
has both the right and the obligation to
buy the underlying asset at the strike
price.

The stock price is 37. A put with a

strike price of 35 has a premium of 3. Which of
the following is true? '

a.

b.

14.19

The intrinsic value is 2 and the time
value is 1.

The intrinsic value is 3 and the time
value is 1.

. The intrinsic value is 5 and the time

value is 1.

. The intrinsic value is 0 and the time

value is 3.

. The intrinsic value is 2 and the time

value 1s 3.

. The intrinsic value is 5 and the time

value is 3.

Which of the following offers an

investor the chance to make an unlimited profit
if the underlying asset rises in price, but with
limited losses if the underlying asset declines
in price (i.e., the position requires only a small

initial

investment, which is the most that an

investor can lose)?

a.

Going long a forward contract.

b. Buying a call.

C.

Buying a put.

d. Writing a call.

€.

Writing a put.



CHAPTER 15
Option Strategies and Profit Diagrams

A profit diagram depicts the profits and losses from an option investment strategy as a function
of the price of the underlying asset at expiration. Profits and losses are on the y axis, and a range
of expiration date (time T') prices of the underlying asset are on the x axis. These diagrams are
sometimes called payoff patterns or payoff profiles.

The payoff pattern to a long position in an asset is linear. For example, if you own one share
of stock and its prices rises by a dollar, your profit is a dollar. In contrast, options offer nonlinear
payoff patterns. If you own a call option on one share of stock then, at expiration, your profit rises
by one dollar for every one-dollar increase in the stock price only if the option is in the money. If
the option is out of the money, your profit is fixed (constant) for any expiration day price of the
underlying asset; that is, you have lost the initial premium you paid for the option, and this is inde-
pendent of how much the option finishes out of the money. Thus, a long call offers two piecewise
linear payoff segments. Even more unusual payoff patterns are created when several different
options are used, perhaps combined with the underlying asset. Some of these strategies have col-
orful names: spreads, straddles, strips, straps, butterflies, and condors, for example. This chapter
presents many different option strategies and their profit diagrams. ,

In most of this chapter, we assume there are only two relevant dates for the purchase and/or sale
of the assets involved: the initial date (time 0) and the expiration date (time 7). Nothing, however, pre-
vents an investor from closing out positions early. We also ignore the possibility that the options will
be exercised early. Dividends, commissions, and margin requirements are not explicitly dealt with, but
can easily be incorporated into one’s preparation of profit diagrams. Remember, too, that because of
nonsynchronous trading and bid—asked spreads, prices in the financial press may not reflect prices at
which an investor can buy or sell the options. Finally, our discussion focuses on nominal dollar cash
flows. This means that the timing of cash flows is ignored—we will simply add dollar cash flows that
occur at two dates. Although this is a common practice in preparing profit diagrams, in concept, it is
sacrilegious. We all know that a dollar inflow at time 0 is more valuable than a dollar received later.

Profit diagrams can provide additional valuable information if they are prepared on a rate-of-return
basis, and also if they are prepared showing profits and losses that result when positions are closed at
dates earlier than expiration. These two types of diagram will be illustrated at the end of the chapter.

Table 15.1 contains the notation that will be used in this chapter.

15.1 PRrROFIT DIAGRAMS FOR LONG STOCK AND SHORT STOCK

The easiest way to illustrate a profit diagram is to begin with the two basic positions in the under-
lying asset. An investor can buy the asset today for S, and sell it at a future date at an unknown

4171
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TABLE 15.1 Notation

Variables Subscripts

S=stock price O=today (strategy initiation date)
K =strike price T'=expiration date

C=call premium H=high strike price

P =put premium L =low strike price

T=time to expiration

Profit

+3

Loss

—40

Figure 15.1 Long stock.

price S'T. Once purchased, the investor is said to be “long” the asset. In this chapter, we will assume
that the underlying asset is 100 shares of common stock, but it could as easily be 100 ounces of gold,
$1 million of Treasury bills, 6.25 million Japanese yen, a futures contract, or an office building.

The profit diagram for a long position in stock is shown in Figure 15.1: the stock is purchased
at So=3%40/share. If, at a later date, the stock is sold at a price of S;-=$43/share, the investor will
earn a profit of $3/share. Similarly, if the stock is later sold for $36/share, a loss of $4/share will be
realized. The maximum loss (the y-axis intercept) is $40/share, which occurs if Sy falls to $0. Note
that the profit diagram is a straight line that passes through the $40 point on the x axis, creating a
45° angle; thus, if the stock is later sold for $40 (the purchase price), a $0 profit results. It is clear
from the diagram that a stock purchase is a bullish strategy because profits will be realized from
price appreciation.

Investors can also sell stock short. The profit diagram for a short sale of stock is presented in
Figure 15.2. In this type of trade, an investor sells the stock today and later repurchases it. However,
the investor does not initially own the stock that is sold. Rather, the stock is borrowed from some-
one else. When the stock that was sold is later repurchased, it is returned to the original owner. Sell-
ing short is a bearish strategy because profits accrue when the underlying asset price declines.!

Observe Figure 15.2 and assume that the stock is sold short at S;=$50/share. If the stock is
later purchased at the same price, there is no profit or loss. If the stock declines in price, profits are
made. The profit is $1 per share for every dollar decline in price. If the stock price falls to zero, the



15.2 LONG CALLS

maximum profit of +8$S, will be earned; if 5,=>50, then the maximum profit is $50. If the stock
price declines to $46, the short seller’s profit is $4/share. For smaller stock price declines, the
profit is So— Sz, where Sy is the purchase price at time 7. If the stock price rises, however, the
investor loses. The potential loss is theoretically infinite. While infinite losses have never been
observed, short selling can lead to losses many times over the original stock price.

Summarizing, the profit diagrams for stock-only positions are seen to be straight lines that
pass through the original transaction price with zero profit. The line for the long stock position has
a slope of +1, while that for the short stock position has a slope of —1. Option positions create
many other payoff patterns.

15.2 LonNG CALLS

Figure 15.3 shows the profit diagram for the purchaser of a call option. Here, the strike price is
$50/share and the call premium is $3/share. If, at expiration, the stock price is $50 or lower, the
option expires worthless. The call buyer will lose the premium paid of $3/share ($300 for a call on
100 shares). If the stock price closes on the expiration date at 53, the call buyer breaks even. He
initially paid $3 for the call, and at expiration, the call is worth $3 [Recall that at expiration, a call
is worth Cr=max(0, Sy - K).] At any stock price above $53, the call buyer will realize a profit. For
every $1 increase in the stock price, the call is worth $1 more. Thus, the diagonal portion of the
line in Figure 15.3 has a slope of +1.

Figure 15.2 Short stock.

Profit
+1
Call premium

/

K.=50’ 450
0 X 1
: /53 Sr
-Cy=-3 Y \

+1

Breakeven when
Sr=K+C,

Figure 15.3 Long call.
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It is clear from Figure 15.3 that buying a call is a bullish strategy with respect to the underly-
ing asset. If the stock price remains unchanged (or declines), the buyer of an at-the-money call or
an out-of-the-money call will lose 100% of his initial investment. If the call buyer is to profit, the
expiration day price of the underlying asset must rise above the strike price to cover the initial
price paid for the call. The buyer of an out-of-the-money call will profit only if the stock price rises
by more than the call premium plus the amount by which the call is originally out of the money.
For example, if K=50, S;=46, and Cy=2, the stock price must rise by $6 at time T for the call
buyer to break even. Brokerage commissions on the purchase and the sale of the option add to the
amount the stock must rise to merely break even.

15.3 WRITING A NAKED CALL

Figure 15.4 depicts the profit diagram for the writer of a naked call. The writer of a naked call does
not own the underlying security.

Figure 15.4 is a general example of a profit diagram because algebraic symbols are used
instead of specific numerical values. The strike price is K. The original call premium received by
the seller is Cy,. If the stock price at expiration Sy is at or below K, the option expires worthless and
the call writer keeps the premium. Thus, there is a horizontal line with a profit of +C, for all Sy <K
in Figure 15.4. If S7> K, the call will have value at expiration, and the call writer will have to buy
back the call for the amount Cr=Sy— K. Thus, for every dollar the stock price rises above K, the
call writer loses a dollar, and the diagonal portion of the line has a slope of —1. The break-even
point ($0 profit) occurs when Sy =K+ C,,. In this case Cp=Cr-

Writing a naked call is a bearish strategy.? If the stock remains unchanged or declines,
the writer of an at-the-money or out-of-the-money naked call will keep the premium and the inter-
est earned on the premium over the time she was short the call. However, the writer should also
be aware of potentially substantial margin requirements on naked option positions. The call writer
must also be aware that there are substantial risks if one is wrong about the future price move-
ment of the stock. Observe in Figure 15.4 that losses are potentially unlimited as the stock price
rises. :

Call writers can write at-the-money calls, out-of-the-money calls, or in-the-money calls.
When writing out-of-the-money calls, one will still keep the premium if the stock rises in price
somewhat or remains unchanged. The risk of being assigned an exercise is less, but the out-of-the-
money call premium will be smaller than the premium of an at-the-money call, so the potential

Profit

+Cot K+C
0
0 ]\\
K

-1
+1

Figure 15.4 Writing a naked call.
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Profit

KL -
+ CO N

KH _|
+C,

Loss

Figure 15.5 The trade-offs associated with writing calls with different strike prices If a call with a high
strike K, is written (perhaps an out-of-the-money call), a smaller premium, Co*, is received, but there is a
larger range of expiration day prices of the underlying asset for which the call writer gets to keep that
premium as profit. In contrast, writing a call with a lower strike price K, provides a larger premium of
C,o**, for the call writer; however there is a greater probability that this call will finish in the money and
therefore create a loss for the call writer.

profit is smaller. This concept is illustrated in Figure 15.5. Here, a call writer may write an
at-the-money call for a premium of C," at a strike price of S,= K. Alternatively, an out-of-the-money
call may be written with a higher strike price of K. A-smaller premium (Co™*) is received, but
there is a greater probability that the call writer will keep that premium.

15.4 LoNG PuTts

Figure 15.6 illustrates the long put profit diagram. If S7> K, the put closes out of the money at
expiration, and the put buyer will lose the price initially paid for the put, Py. If the stock price
at expiration is less than the exercise price, the put will have value at time T. Recall that P7=0 if
Sr2K, and Pr=K-Sif Sy<K. If Sy is $1 below K, the put is worth $1 at expiration. The put
buyer will break even (zero profit) if S;-equals K — Py. The maximum profit is earned if ST—O The
put will then be worth K at expiration, and the profit equals K —P,,.

Buying a put is a bearish strategy. If an at-the-money put is bought and the stock price remains
unchanged (or rises), the investor loses 100% of the initial investment. The benefit to this strategy
is that the put buyer can lose only the initial premium paid. Contrast this to the short seller of the
stock, who is exposed to theoretically unlimited losses (see Figure 15.2). In addition, a consider-
able amount of margin funds may be required in selling stock short, while a put purchase requires
an outlay consisting of only the cost of the put (plus commissions).

15.5 WRITING A NAKED Put

Suppose that an instant before the close of the market on May 10, 2001, an investor writes a naked
put option on Applied Materials (ApdldMat in Figure 14.5). More specifically, the put is the June
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K-P,
Profit
0 St
._PO 1
Put premium
Figure 15.6 Long put.
Profit
Py=+4.40 +
0 .
4560 50 Sy
K—Py=-45.60

Figure 15.7 Writing a naked put.

50 put, and the premium received is 4.40 ($440 for a put on 100 shares). The profit diagram for the
written put position shown in Figure 15.7 uses some numbers from the Wall Street Journal reprint
shown earlier (Figure 14.5). If AMAT (the ticker symbol for Applied Materials) closes at a price of
$50 or higher on the third Friday in June, the put will expire worthless. In this case, the put writer
keeps the $4.40 per share. Therefore, Figure 15.7 shows a $4.40 profit for all $7-> 50. If, however,
AMAT closes at $45.60 at expiration, the put writer breaks even (S;= K — P,). At lower prices, the
put writer loses $1 for every dollar that AMAT’s stock price falls. If AMAT’s stock were to fall to
zero in June (the probability of this happening is extremely small, to say the least), the maximum
loss of K— P,=$45.60 would be realized. This is shown at the y-axis intercept.

Writing a naked put is a bullish position with respect to the underlying stock, and the writer must
be prepared to accept ownership of the shares, should the put owner decide to exercise. In the fore-
going example, the risk of early exercise on May 10 (the day of the prices shown in Figure 14.5) is
zero, because AMAT’s stock price is $51.01. Because S, > K, the put is out of the money. But, should
AMAT fall below $50/share, the possibility of early exercise could increase because the put moves in
the money. If AMAT is below 50 at expiration, the put owner will most certainly exercise the option.*



15.6 COVERED CALL WRITING

The name cash-secured written put is given to the strategy in which the investor writes a
naked put and invests the strike price amount in riskless securities. Usually, an out-of-the-money
put is used. Thus, if AMAT is at $51.01/share, writing a naked put with a strike price of 50 is a sub-
stitute for a limit order to buy AMAT at 50. There are, however, some differences:

a. Once AMAT has fallen to a price of 50, the limit buy order will be executed at that price or
lower. In contrast, the put writer may observe AMAT’s price terporarily fall below 50; but
if the put owner elects not to exercise, the put writer will not get to purchase the stock. If
the stock then proceeds to rise, the put writer may never be assigned an early exercise and
will regret not having placed a limit order to purchase the stock.

b. Suppose that an imbalance of too many sell orders results in the temporary suspension in
trading in AMAT’s stock. Perhaps AMAT’s earnings were disappointing, or the firm unex-
pectedly lost a lawsuit. AMAT’s price could conceivably reopen for trading at, say,
$30/share, when the last trade on the previous day was at $51.01/share. Had a limit order
to buy at $50 been placed, the investor would have had the pleasure of knowing that his
purchase price would be $30. The naked put writer, however, would have been forced to
pay $50/share.

Keep in mind that the put writer is paid $4.40 (see Figure 14.5) for the June 50 put to assume
these risks over the upcoming five weeks (until the expiration day).

Many other payoff patterns can be created with various long and/or short positions in calls,
puts, and/or the underlying asset. Several of these will now be illustrated, and several others are
outlined later in this chapter. Note, however, that one popular strategy called the horizontal spread,
also known as a time spread, cannot be covered until we have learned how to value options.’

15.6 CovereD CALL WRITING

A covered call is an example of a “hedge position,” where an option provides some compensation
for the risk that the price of the underlying asset will decline. When writing a covered call, the
investor buys (or already owns) 100 shares of stock and writes a call. The purpose of the strategy is
to generate income from the proceeds of the written call. However, we will see that the covered call
writer is effectively selling some of the upside potential of the stock in exchange for the premium.

The easiest way to prepare a profit diagram for a covered call, or for any complicated strategy,
is to first prepare a profit table. This is done in two steps:

a. Calculate the initial inflow or outflow.
b. Calculate the expiration values of the assets involved, given several potential expiration
day stock prices around the relevant strike prices of all options that are used in the strategy.
For example, refer again to Figure 14.5, and suppose that an investor buys 100 shares of Cisco
for $18.83/share and writes 1 July 20 call option for $1.90 per call on one share. Initially:
Buy 100 shares of Cisco — 18.83 per share Cash out: ~$1883.00
Write 1 July 20 call +1.90 per share Cash in: $190.00

Initial cash flow at time 0, CF, —16.93 per share Net cash out: —$1693.00

47
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Next, consider a range of possible prices of the underlying asset on the expiration day, 7.
Then, compute the cash flows by reversing all open positions at time T:

Price of Buy (offset) July 20 Call  Time T Cash  Profit/Loss
Cisco, S+ Sell Cisco for C,y=max[0, S;—K] Flows, CF CFy+CFy
14 +14 0 14 -2.93
15 +15 0 15 -1.93
16 +16 0 16 -0.93
17 +17 0 17 +0.07
18 +18 0 18 +1.07
19 +19 0 19 +2.07
20 +20 0 20 +3.07
21 +21 -1 20 +3.07
22 +22 -2 20 +3.07
23 +23 -3 20 +3.07

At any expiration day price at or below 20, the call expires worthless. The investor sells the
shares for whatever closing price occurs for Cisco on the expiration date, Sy At any price above
20, the call finishes in the money, so that the covered call writer will have to repurchase the option
for S;7— K. However, the covered call writer will also be able to sell Cisco at the higher price.® The
result is that for every dollar increase in Cisco’s stock, the investor profits by $1 because of the
long position in.the stock, but loses $1 because the call was written. In the last column in the fore-
going tabulation, we add the time T cash flow, CFy, to the initial cash outflow of CFy=-16.93 per
share. This determines the profit or loss from the strategy.

Actually, because all these profit diagrams produce straight lines that may be *kinked” at the
strike prices, we need only consider time 7 prices around the strike price. In this example, we only
had to prepare a table for 19 <S;<21. For prices below 19 and above 21, we can extrapolate when
preparing the profit diagram. An important point to remember is that in expiration date profit dia-
grams, kinks occur only at exercise prices. In this example, a kink occurs only at K=20.

The profit diagram for a covered call on Cisco, using the July 20 call, is shown in Figure 15.8.
The zero-profit (breakeven) point occurs when S7=$16.93. At that closing price at expiration, the
loss on the stock (16.93 — 18.83) equals the proceeds from the written call (1.90).

An alternative method of preparing profit diagrams is to consider only the basic positions and
then vertically add them.” This approach is shown in Figure 15.9, where we see that at prices of 20

Profit

Stock price at expiration

Figure 15.8 Writing a covered call. In this covered call strategy, So=%18.83, C,=$1.90, and K=$20. The
maximum profit of $3.07 is realized when S72 $20. The break-even point (zero profit) is at S,=$16.93.
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E the certain amount of C,

1
K=20 Sy

Figure 15.10 Writing a covered call.

and above, there are two 45° lines, one with a +1 slope (long stock) and one with a -1slope (short
call). Adding these creates the horizontal-line portion of the covered call shown with a profit of
+3.07 when S7>20 in Figure 15.9. As we move below 20, the investor loses on the long stock
position but gets to keep the call premium. Thus, we add a constant amount (slope=0), the call
premium, to the long stock position, and the result is the diagonal line in Figure 15.9, with a slope
of +1, when S;<20.

In effect, the writer of covered call sells off all (risky) price appreciation potential above K in
return for a riskless cash inflow, the call premium. This is illustrated in Figure 15.10.

Often, a writer of a covered call believes the stock is attractively priced and offers some
upside potential for price appreciation. Thus, the chosen strike price will usually lie above the cur-
rent stock price; that is, out-of-the-money calls are generally written. If the price rises, the writer
of a covered call will capture some of that price increase (up to the exercise price), as well as keep
the call premium. If the investor is wrong, and the stock declines, the losses are tempered some-
what by the call premium that is kept.

However, keep in mind that if the stock price rises sharply, the writer of a covered call will
regret having written the call. Any price appreciation above K has been sold. Also, if the stock
price falls sharply, the writer will regret having bought the stock. If, for example, Cisco were to
plummet to $10/share between the date the call was written and the third Friday in July, the
investor with a covered call position still loses a substantial sum.
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Covered call writing on stocks that pay high dividends can be an attractive cash management
tool for corporations. Usually, corporations pay taxes on only 30% of the dividends they receive
from their ownership in the shares of other firms. Corporations can buy the shares before an
ex-dividend date and write the calls. On the expiration date, the positions are reversed.?

Comparison reveals that Figures 15.7 and 15.8 are almost identical. Actually, a written naked
put is the same as a covered call position, except for a scale factor. In Chapter 16, we will see that
put—call parity on European options with no dividends explains why the positions are equivalent
and that the scale factor is the present value of K.?

Finally, there is no need to write only one call against the 100 shares of stock. Variable-ratio
hedges allow the selling of any number of options against the 100 shares the investor owns, and
each of these strategies leads to a different profit diagram. Indeed, an investor can write an appro-
priate number of calls per 100 shares of stock to maintain a riskless hedge (the position yields the
risk-free rate of interest) for small movements in the underlying stock. This idea will be covered in
Chapters 17 and 18, and it has great significance for the derivation of the Black-Scholes option
pricing model, which is discussed in Chapter 18. Other variable-ratio hedges might involve the
purchase of puts as protection against price declines in the underlying long stock position, or
“reverse” hedges where stock is sold short and either calls are bought or puts written. Examples of
these strategies are posed as problems at the end of this chapter.

15.7 VERTICAL SPREADS

Vertical spreads are also called money spreads or price spreads. The use of the term “vertical”
arose because of the format in which option price data formerly were presented in the financial
press: different strikes were listed vertically. In a vertical spread, an option with one strike price is
bought, and another option with a different strike price (but the same time to expiration)!? is sold.
One can create a bullish vertical spread with puts or with calls. Similarly, a bearish vertical spread
can be created with puts or with calls.

15.7.1 Bullish Vertical Spread with Calls

You are surfing www.cboe.com and see a Jan 80 Home Depot call selling for $3.75. Suppose you
felt there was a high probability that Home Depot shares would sell for at least $80 by the third
Friday in January. If you purchased the Jan 80 call and the stock closed right at $80 on the expira-
tion date, you would lose your $3.75 call premium. You also see a Jan 75 call selling for 5, so if
you bought this call, and if S;=80, you would still not profit. (the initial cost of the call is $500,
and the call would be worth Sy— K=$500 at expiration, so the profit is zero).

A bullish vertical spread lowers your initial outlay to only $125, and at any S;> 80, your pro-
ceeds at expiration would be $500. This is a 300% return on your initial investment. An investor
buys this vertical spréad by buying a call with the lower exercise price, K; =75, and selling a call
with a higher exercise price, K;;=80. In our example:

Buy 1 Jan 75 Home Depot call -5
Sell 1 Jan 80 Home Depot call +3.75

Initial cash flow at time 0 -1.25=CF,
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The expiration day profit table is then as follows:

Time T Profit/Loss
Sr Sell Jan 75 Call Buy Jan 80 Call Cash Flow, CF CFy+CFy
74 0 0 0 -1.25
75 0 0 0 -1.25
76 +1 0 +1 -1.25
77 +2 0 +2 +0.75
78 +3 0 +3 +1.75
79 +4 0 +4 +2.75
80 +5 0 +5 +3.75
81 +6 -1 +5 +3.75
82 +7 -2 +5 +3.75

Atall prices <75, both calls expire worthless. At all prices 280, the cash inflow at expiration, CFy,
is $500. Figure 15.11 is the profit/oss diagram for this example of a bullish vertical spread using calls.

You might try drawing profit/loss diagrams for a bullish Home Depot call spread using the
January 70 and January 80 calls. The premium for the Jan 70 call is 7.40. Then, compare the
resulting diagram and Figure 15.11 to another diagram generated by buying the January 70.call
and selling the January 75 call. '

15.7.2 Bullish Vertical Spread with Puts

In a bullish vertical spread with puts, the investor writes a put option having a high exercise price
K} and buys a put with a low exercise price K;. Consider the Jan 75 and 80 puts on Home Depot.
Initially, suppose:

Write 1 Jan 80 Home Depot put +13
Buy 1 Jan 75 Home Depot put -10.8
Initial cash inflow +22=CF,

Profit/Loss

59 64 69 74 79 84 89
Stock price at expiration

Figure.15.11 Bullish vertical spread with calls: K;=80, Cy=3 ¥a, K; =75, C, =5. The low strike call is
bought, and the high strike call is sold.
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Then, at expiration, we have:

Tine T
Sy Buy Jan 80 Put Sell Jan 75 Put CFy Profit/Loss, CFy+ CF
74 -6 +1 -5 -2.8
75 -5 0 -5 -23
76 -4 0 -4 -1.8
77 -3 0 -3 -0.8
78 -2 0 -2 +0.2
79 -1 0 -1 +1.2
80 0 0 0 +2.2
81 0 0 0 +2.2

In this table, CF; is the expiration day cash flow generated by the repurchase of the Jan 80 put
and the resale of the Jan 75 put; these offset the original trades. The total profit, shown in the last
column, is depicted in Figure 15.12.

Note that this bullish spread with puts has an added element of risk if the written put is in the
money. Thus there is risk that the written in-the-money put can be exercised early by its owner.
However, should the investor’s expectations turn out to be correct, both puts will expire worthless,
there will be no exercise, and transactions costs will be saved.

In contrast, for the bullish spread with calls, the calls cuirently have no risk of early exercise;
but should Home Depot’s stock price rise above 80, the investor will have to pay commissions on
the resale and repurchase of the two calls. If Home Depot were to trade ex-dividend between the
day the strategy is executed and the expiration day of the options, and if Home Depot were selling
for more than $80/share just prior to that day, the investor would bear the risk that the written cali
would be exercised.!! Thus, there are benefits and risks to each bullish strategy.

15.7.3 Bearish Vertical Spread with Calls

Bearish vertical spreads with calls are created by the sale of a call with a low exercise price K, and
the purchase of a call with a high exercise price K. For example, suppose E*Trade.com option
prices allow the following:

Write 1 E¥Trade Dec 30 call +3.4
Buy 1 E*Trade Dec 35 call -13
Initial cash inflow +2.1=CF,
Vertical
5 , ;
. ; .
£ -1 170 15 80 85
__2 -1
-3
4

Stock price at expiration

Figure 15.12 Bullish vertical spread with puts: buy the K=75 put and sell the K=80 put.
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Profit/Loss

Figure 15.13 Bearish vertical spread with calls: the K; =30 call is sold and the K, =35 call is bought.

Continuing with the profit table, at time T, we find the following:

Time T Profit/Loss
St Buy Dec 30 Call Sell Dec 35 Call Cash Flow CF CFy+ CFy
29 0 0 0 +2.1
30 0 0 0 +2.1
31 -1 0 -1 +1.1
32 -2 0 -2 +0.1
33 -3 0 -3 -0.9
34 -4 0 -4 -1.9.
35 -5 0 -5 -2.9
36 -6 +1 -5 -29
37 -7 +2 -5 -2.9

Figure 15.13 shows the profit diagram for this bearish vertical spread using the E*Trade calls.

15.7.4 Bearish Vertical Spread with Puts

To create a bearish vertical spread with puts, a put with a high exercise price, Ky, is bought and a put
with a low strike price, K|, is written. This results in an initial cash outflow of P(K,)— P(K}), because
the put with the high strike price costs more than the proceeds generated from writing a put with a low
strike price. If both puts finish in the money, they will be worth K;— S and K; — S, respectively, and
the cash inflow at time T equals K, — K. The total profit (CFy+ CFy) will be (K;;—K,)—[P(Ky)—
P(K)]. If both puts finish out of the money, there is no cash flow at time 7, and the total loss equals
the initial cash outflow, P(Ky) — P(K}). The final profit diagram looks like Figure 15.14.

The reader is urged to work out an example of a bearish vertical spread with puts using price
data from Figure 14.5, or recent option prices from the Wall Street Journal or Internet sources
(such as www.cboe.com).

15.7.5 Other Thoughts on Vertical Spreads
Some simple logic might make the spread terminology easier to remember.
* Whenever you experience an initial cash outlay with puts (e.g., you buy a put spread by pur-

chasing an expensive put and seiling a cheap put), you must be bearish. Just recall that if
you bought a put (a cash outflow), you must be bearish.
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(Ky—Kp)—[P(Ky) - P(K)] T~

|
| [
K, \iﬁ St
~[P(Ky) - P(K)] 1+

Figure 15.14 Bearish vertical spread with puts.

* If you were to buy a call spread, you experience a cash outlay at time 0. In this case (just as
when you buy any cail), you must be bullish. To buy a bullish call spread, you buy an expen-
sive (low K) call and sell a cheaper (high K) call.

The seller of a call is bearish, and an initial cash inflow is received. When you sell a call
spread you are bearish. Selling a vertical spread with calls entails a cash inflow at time 0.
This means you must sell an expensive call and buy a cheaper call to set up a bear spread
with calls and generate a cash inflow.

Finally, consider the seller of a put spread. There is a cash inflow at time 0. A naked put
seller also has a cash inflow at time O and is bullish. Thus, the seller of a put spread must be
bullish. To sell a put spread, realize a cash inflow at time O by selling an expensive put and
buying a cheaper put.

There are several situations that would lead an investor to use vertical spreads. First, a vertical
spread should be placed if an investor believes that the stock price will move only to the strike
price that generates the maximum profit. For example, either of the two bullish spreads involving
Home Depot should be used if an investor believes the stock will rise only to $80 or a little higher.
An investor who is very bullish should just buy the calls.

A bullish investor who buys a call might always consider the sale of an out-of-the-money call
to recapture a small part of the premium paid for the low strike call. Sometimes this can be done
shortly after initially entering into a long call position, particularly if the stock moves in the
investor’s favor. This is called “legging” into a position, and in this case the investor is legging into
a bullish spread with calls. For example, one might buy the Jan 70 Home Depot calls for 7.40. A
few days later, if Home Depot has risen from 68.75 to, say, 74, perhaps the Jan 75 calls might have
a bid quote of 7. The investor can then “leg” into the bullish vertical spread by writing the Jan 75
calls. The net investment is then only $0.40 (the Jan 70 calls were bought for 7.40 and the Jan 75
calls were sold for 7). If Home Depot rises to 75 or higher at the expiration day the maximum time
T, cash inflow of 5 will be realized.

Another argument for using vertical spreads applies to a writer of naked options, who can
effectively buy insurance against large losses by buying out of the money options. For example, an
investor who believes that Home Depot’s stock price will rise might write the Jan 70 put to gener-
ate, and hopefully keep, its premium of, say, $700. The risk is that large losses are possible if
Home Depot shares fall in price. If Home Depot Stock fell to zero, the writer of the Jan 70 put
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faces a loss of $6300 ($7000—$700). The purchase of the Jan 60 put represents insurance that
would limit the loss to $300 plus the cost of the Jan 60 put ($700—$1000— cost of Jan 60 put).

The primary reason for avoiding vertical spreads, and indeed all the more complex strategies
considered in this chapter, is that they double the commissions paid. Indeed, many have accused
brokerage houses of pushing these strategies on their clients to generate additional commissions.
Investors who use strategies such as spreads should deal with discount brokers, who charge just a
few dollars per contract.

Finally, note that all the vertical spreads we examined were 1:1 (i.e., one option was bought
and one was sold). Different payoff patterns are created by varying this ratio. Problems at the end
of the chapter will allow you to create and examine these diagrams. Sometimes these strategies can
be used to exploit mispriced options.

15.8 STRADDLES AND STRANGLES

Straddles and strangles are examples of “combinations,” which are positions involving both puts
and calls. Traders buy a straddle or strangle when they expect the underlying asset to be volatile
but do not have any beliefs about whether the price will rise or fall. That is, the trader believes it
will either rise or fall considerably.

A straddle is purchased by buying a put and a call on the same stock, with each option having
the same exercise price and the same time to expiration. For example, from Figure 14.8, we see
that one could initially buy a June 5700 call and a June 5700 put on a Swiss franc futures contract.
The price of the call is $0.0105/SF, which is $1312.50 because the underlying asset is SF125,000.
The price of the put is $0.0031/SF, which is $387.50. Thus, the total initial cash outflow for buy-
ing the put and the call is CFy=-$1700.

In the following tabulations Sy is the expiration day price of a June Swiss franc futures con-
tract, in terms of $/SF. In addition, C; and P are the expiration day values of the call and the put,
respectively, when the underlying asset is SF125,000; CF, = Cr+ Py. The last column adds the ini-
tial day cost of the straddle (—$1700) to the expiration day cash flow.

Sy Cr Py CF, CFy+CF,
0.53 0 5000 5000 3300
0.535 0 4375 4375 2675
0.54 0 3750 3750 2050
0.545 0 3125 3125 1425
0.55 0 2500 2500 800
0.555 0 1875 1875 175
0.56 0 1250 1250 ~450
0.565 0 625 625 ~1075
0.57 0 0 0 ~1700
0.575 625 0 625 ~1075
0.58 1250 0 1250 ~450
0.585 1875 0 1875 175
0.59 2500 0 2500 800
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0.595 3125 0 3125 1425
0.6 - 3750 0 3750 2050
0.605 4375 0 4375 2675
0.61 5000 0 5000 3300

At even lower or higher prices, the straddle buyer makes greater profits. The profit diagram
for the straddle buyer is shown in Figure 15.15.

A long strangle strategy involves the purchase of a put and a call at two different exercise
prices. This allows an investor to position the strategy according to his beliefs and it can lower the
initial cost of the strategy relative to purchasing an at-the-money straddle. For example, suppose
the current futures price of a June SF futures contract is $0.5774/SF, and an investor believes that
the Swiss franc is more likely to move sharply lower than it is to increase in price. Then, purchas-
ing the June 5800 futures call (for a premium of $0.0053/SF; see Figure 14.8) and the June 5700
futures put (for a premium of $0.0031/SF) would allow speculation on these beliefs. The initial
cost of this strategy is CFo=—$1050. The profit diagram of this strangle is present in Figure 15.16.
You should prepare the profit table and compare it to Figure 15.16.

Figure 15.16 shows that the initial cost of the strangle strategy, which is also the maximum
loss if both options expire worthless, is $1050. This is less than the initial cost of buying a strad-
dle. In addition, the strangle buyer makes a greater profit (or smaller loss) if S7< $0.575/SF. If the
strangle buyer instead thought there was a greater probability that the Swiss franc would move
higher rather than decline, he might buy the June 5700 call and buy the June 5650 put. Such a strat-
egy shifts the strangle diagram in Figure 15.16 to the left. Problem 15.9 at the end of the chapter
asks you to verify this by preparing a profit table and drawing a profit diagram.

4000
3000
2000
1000 -

0

Profit

0.52 0.54 0. 758 0.6 0.62

$/SF on expiration day
Figure 15.15 Buying a straddle.
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-2000
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$/SF on expiration day

Figure 15.16 Long strangle vs long straddle.
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The straddle or strangle writer profits from price stability. In selling a straddle, a put and a call
with the same exercise price are sold. For example, see Figure 14.5, and consider the written strad-

dle using the Cisco October 20 options:

Sell 1 Cisco October 20 call
Sell 1 Cisco October 20 put

Initial cash flow, CFy

At expiration, we have the following:

St

17
18
19
20
21
22
23

In this example, losses are realized if Cisco falls below 12.80 or rises above 27.20. The profit

+3.30
+3.90

+7.20

AtTime T
Buy Jan 20 Cali Buy Jan 20 Put Cash Flow CFr
0 -3 -3
0 -2 =2
0 -1 -1
0 0 0
-1 0 -1
-2 0 -2
-3 0 -3

diagram is shown in Figure 15.17.

There are two sources of substantial risk in writing a straddle. First, unless Cisco is exactly at
20 on and just before the option’s expiration day, there will always be some risk of early exercise
because one of the options will always be in the money. In Chapter 16, we will learn that an in-the-
money put may always be exercised early. Furthermore, while an in-the-money call should be
exercised early only immediately before an ex-dividend day, some investors might wish to exer-
cise a few days before the ex-date, and others might exercise a few days before the expiration date
even in the absence of dividends. For example, tax considerations might motivate early exercise of
an in-the-money call. Second, there is risk of significant losses if Cisco rises or falls sharply.
At §7=50, for example, the total loss is $2280. The potential losses should Cisco rise in price are

theoretically unlimited.

Profit

N W RN 0

s

—_ o =
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20 \ 30
’ N\

{
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i
w

Cisco stock price at expiration

Figure 15.17 Written straddle.

CFy+CFy

+4.20
+5.20
+6.20
+7.20
+6.20
+5.20
+4.20
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Figure 15.18 Written strangle.

Selling a strangle, however, removes part of the early exercise risk. An investor who expects
Cisco to trade in a price range of $17.50~$25/share could sell the J uly 17.50 Cisco put and sell the
July 25 call. Figure 15.18 shows the profit diagram of this written strangle.

Again, an investor need not trade only one put and one call. Different profit strategies can be
tailored to an investor’s beliefs by varying the ratio of puts to calls, thereby creating different profit
diagrams. Some of these combinations are given in the end-of-chapter problem set.

15.9 SYNTHETIC FORWARD

Buying a call and simultaneously writing a put with the same strike price and time to expiration
creates a “synthetic” long forward position in the underlying asset. For example, observe the right-
most column of Figure 14.6. Suppose a trader buys the May 1250 SPX call and writes the May

1250 SPX put.
Buy 1 SPX 1250 call -19.90
Sell 1 SPX 1250 put +12.50
CFy=—7.40

Thus, this strategy costs $740 to initiate. At expiration, both option positions are offset:
Sell 1 SPX Buy 1 SPX

May 1250 May 1250 Time T Profit/Loss

St Call Put Cash Flow, CF CFy+CF;,
1247 0 -3 -3 -104
1248 0 -2 -2 -94
1249 0 -1 -1 -8.4
1250 0 0 0 -74
1251 +1 0 +1 -64
1252 +2 0 +2 ~54
1253 +3 0 +3 -44
1254 +4 0 +4 -34
1255 +5 0 +5 -2.4
1256 +6 0 +6 -14
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1257 +7 0 +7 -0.4
1258 +8 0 +8 +0.6
1259 +9 0 +9 +1.6

The profit diagram is shown in Figure 15.19.

Note that Figure 15.19 is similar to the long stock position shown in Figure 15.1. However,
there are some differences between actually buying the underlying asset (SPX) and taking the long
synthetic forward position. First, consider that one must invest $125,518 to effectively buy 100
shares of the S&P 500 (the spot SPX was at.1255.18 on May 10, 2001), but only $740 to assume
the long synthetic forward position. Clearly, the return on investment will be higher for the syn-
thetic forward. Second, while the breakeven price is $1255.18 if the underlying spot asset is pur-
chased, the breakeven price is $1257.40 for the synthetic forward (the strike price plus the cost of
the position). This synthetic forward price of $1257.40 should theoretically equal the cost-of-carry
pricing model price (F=S+-carry costs—future value of dividends); see Chapter 5. Finally, be
aware that selling the May 1250 put will entail a substantial initial margin requirement.

Symmetrically, writing a call and buying a put creates a synthetic short forward position in the
underlying asset. Using the same May 1250 SPX options, this strategy generates a cash inflow of
$740 at initiation:

Sell 1 SPX 1250 calt +19.90
Buy 1 SPX 1250 put -12.50
CFy=+7.40
At expiration, both option positions are offset:
Buy 1 SPX Sell 1 SPX
May 1250 May 1250 Time T Profit/Loss
Sr Call Put Cash Flow, CF CFy+CFp
1247 0 +3 +3 +10.4
1248 0 +2 +2 +94
1249 0 +1 +1 +8.4
1250 0 0 0 +7.4
1251 -1 0 -1 +6.4
1252 -2 0 -2 +5.4
8
6
4 ——
~ 0 - T - 7 :
€ ) flaas 1250 y 1260 1265
& -4 - e .
. s T ;
& , / s
-10 Pt
-12

S&P 500 Index at expiration

Figure 15.19 Synthetic long forward position in the SPX.
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Figure 15.20 Synthetic short forward position in the SPX.

1253 -3 t -3 +4.4
1254 -4 0 -4 +3.4
1255 -5 0 -5 +2.4
1256 -0 0 -6 +1.4
1257 -7 0 -7 +0.4
1258 -8 0 -8 -0.6
1259 -9 0 -9 -1.6

The profit diagram from this synthetic short forward strategy is shown in Figure 15.20. Note
that the trader is effectively short at a price of $1257.40 (the strike price plus the premium gener-
ated at initiation).

15.10 OTHER STRATEGIES

By now you should be able to draw any profit diagram for any strategy. For example, consider a
put ratio spread. A put ratio spread consists of one long put with a relatively high strike price (K},),
and selling two, three, or more puts with a relatively low strike price (K;). Let’s use the SPX price
data in Figure 14.6 to construct a put ratio spread profit table and profit diagram for June put
options (they are in the right-most column of Figure 14.6). Initially, we buy one June 1325 put and
sell three June 1300 puts. Thus, K= 1325 and K; = 1300. The time O cash flows are as follows:

Buy 1 June 1325 put -74.50
Sell 2 June 1300 puts +166.50 (each of these has a premium of 55.50)
CFy=+92.00
The time T cash flows, and the total profit/loss, are as follows:
Sell 1 Buy 3
Sr 1325 Put 1300 Puts CFy CFy+CFyp
1200 125 -300 -175 -83
1205 120 —285 - 165 =73

1210 115 -270 ~155 -63
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The resulting profit diagram is shown in Figure 15.21.
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Figure 15.21 Put ratio spread.
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The maximum profit is+$11,700, which is realized if S7=1300. At all $7>1325, a profit of
$9200 is realized. This is represented by the horizontal line segment to the right of Ky =1325.
Note that the slope of the line to the left of K, = 1300 is 2. That is, for every dollar below S;-= 1300,
the strategy loses two additional dollars. This bullish strategy breaks even at $;= 1241.50.

15.11 RATE-OF-RETURN DIAGRAMS

In a rate-of-return diagram, the rate of return on an investor’s initial outlay is on the y axis, and Sy is
on the x axis. You should prepare rate-of-return diagrams only if there is an initial cash outflow.!2

EXAMPLE 15.1 Consider an investor who writes a covered call. The initial parameters: ,
are So=38, K=40, Cy=3, and T=three months. Thus, the initial cash flows are as follows:

Buy 100 shares of stock - ~38 (per share):
Write 1 call +3 (per share)
Initial cash flow at time 0 —35 (per share)

At expiration, we have the following results:

Sell Stock - Buy Call  Total Cash Flow  Profit/Loss e
for S, for Cr at Time 7 CFy+CFyr Rateof Return

+34 0 +34 -1 -2.86%
+35 0 +35 -0 0%
436 0 +36 +1 - +2.86%
+37 0 +37 +2 +571%
+38 0 +38 +3 +8.57%
+39 0 +39 +4 +11.43%
+40 0 +40 +5 +14.29% .
+41 -1 +40 +5 +14.29%
+42 -2 +40 +5 +14.29%

The profit diagram is depicted in Figure 15.22a, and the rate-of-return diagram in Figure
15.22b. Note that the rate of return is over a three-month holding period. It can be annualized
in one of two ways: simple interest (multiply each return by 4, since there are four 3-month
periods in a year), or compounded interest (add 1.0 to each decimal return and take the num-
ber to the fourth power, then subtract 1.0). These two approaches are illustrated as follows:

Three Month Annualized Annualized
Unannualized Rate of Return, Rate of Return,
Rate of Return Simple - Compounded
—~2.86% (=.0286)(4)=-11.43% (097 14)‘—- 1=-10.95%
0% 0% 0%

+2.86% +11.43% +11.93%
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Figure 15.22 Writing a covered call: (a) profit diagram and (b) rate-of-return diagram.

+5.71% +22.86% +24.89%
+8.57% +34.29% +38.95%
+11.43% +45.71% ‘ +54.17%"
+14.29% (14.29)(4)=+57.14% (1.1429)* ~ 1=+70.60%

Also note that the unannualized rate of return of 14.29% is achieved if the stock price
rises from 38 to as little as 40. In contrast, the unannualized rate of return on the stock if
So=38 and S7=40 is only (40-38)/38=5.263%. :

15.12 ProFIT DIAGRAMS FOR DIFFERENT HOLDING PERIODS

Investors do not have to hold their positions until expiration. Profit diagrams for shorter holding
periods can be created, though you must estimate what each option will be worth at different times
to expiration. Option pricing models are used to estimate future option values, but they will not be
presented until Chapters 17 and 18. FinCAD provides two option strategy simulators that illustrate
the “decay process” of option strategies. Click on FinCADXL, and look under the “Options—
vanilla” menu. The two choices for illustrating strategy decay diagrams are Option Strategy Sim-
ulator-New and Option Strategy Simulation-Two Options. Figure 15.23a shows how the new
Option Strategy Simulator diagrams the time-evolving profits and losses from a bull vertical
spread. The price of the underlying asset on the day that the strategy is first created is 68.75. Fig-
ure 15.23b depicts the same “decay process” for a purchased straddle. Figure 15.23c gives the
values that were entered into the “option details” portion of the FinCAD spreadsheet for the strad-
dle. The put and the call were purchased on the start date. The options expire on the expiry date.
The value date is the date on which the profits and losses are computed. The decay of a strategy
shows how profits and losses change at different stock prices as time passes, all else equal.
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Figure 15.23 Decay diagrams from FinCAD’s Option Strategy simulator: (a) for a bullish money spread
with calls, and (b) for a purchased straddle. (c) Values entered as “option details” for the straddle. Curves
show profit and loss as follows: asterisks, one day later (assuming no change in'the implied volatility);
diamonds, one month later; squares, seven weeks later (i.e., one day before options expire).

15.13 SeverAL CAVEATS
Before using the strategies described in the preceding sections, you must be aware of several
factors that will affect the profit or loss ultimately realized.

a. First, there is no reason that these positions must be held until expiration. They can
be closed out early, and doing so will affect the nature of the profit diagram. For example,
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EXAMPLE 15.2 Today is June 2. July 155 puts are priced at 3 /g, July 150 puts have
a premium of 11/,. For an investor who wishes to create a bullish vertical spread with
puts, the initial cash flows on June 2 are as follows

Sell 1 July 155 put +31/,
Buy 1 July 150 put s -'-1 i,
Imnal cash flow, C‘Fo : + I 5/8

Now, suppose that the investor wishes to observe the profit diagram as it wmlld look if the
strategy was closed out on June 25, which is 22 days before the expiration date of July 17.
The values of the puts must be estimated for a range of stock prices, and assuming that
the puts have 22 days remaining to expiration. It is possible that the June 25 cash ﬂow
table would be as follows'®: ;

Towcmhmw
S(T) BuyOneJuly  SeliOneJuly CashFlow  (+1%+June 4
, 155 Put 150 Put onJune25 . 25CashFlow)
143 ~9.2131 64931 ~27201 —1.085
145 - =17.5760 51348 0 —24412
147 ~6.0458 3.9155 -2.1303
149 -4.6361 28408 -17953
151 ~3.3576 1.9110 —1.4466
153 ~22172. 1.1221 -1.0951
155 -12175 04658 . ~0.7517
157 -0.3567 ~0.0695 ~04262
159 0.3710 ~0.4974 -0.1263
161 09750 -0.8327 0.1423
163 14670 ~1.0904 03765
165 . 1.8603 ~1.2846 0.5757
167 2.1689 ~1.4281 0.7408
169 2.4067 -15322 0.8745
171~ 25866 - ~1.6064 0.9803
173 2.7203 ~1.6582 1.0621
175 2.8179 ~1.6938 1.1241
177 2.8880 -1.7179 L1701
179 2.9374 ~1.7339 12036  2.8286
181 2.9717 ~1.7443 1.2274 2.8524
183 2.9951 ~1.7510 1.2441 2.8691

Figure 15.24 shows the June 25 cash ﬂows (not profits) to this strategy, assummg that all
positions are held only until June 25th.
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Underlying

Figure 15.24 A FinCAD Option Strategy simulator diagram for payoffs of bullish vertical spread
created in Example 15.2.

Figures 15.23a and 15.23b show how the profit diagrams for a bullish vertical spread and
purchased straddle might change if they were closed out prior to expiration.

b. Keep in mind that bid-ask spreads exist for options. Thus, an investor buys at a higher
asked price and sells at a lower bid price. Bid-ask spreads are a cost of trading and will reduce
profits (or increase losses). Sometimes, an investor will have to pay more than S;—K for a call pur-
chased at expiration, or receive less than that amount if sold, because the bid price is below the
call’s intrinsic value and the asked price is above it. Indeed, when the expiration day is near, bid
prices of deep in-the-money calls and puts are frequently less than S~ K and K- §, respectively.
Floor traders arbitrage under these conditions.

¢. Brokerage commissions can be substantial.

d. We have ignored dividend payments on the stock.

e. Perhaps most important, we have ignored the risk of early exercise. Most of the options
traded in the United States are American options. As such, a written put that is in the money might
be exercised early at any time. Written in-the-money calls are most likely to be exercised just prior
to an ex-dividend date, though transactions costs and tax considerations might induce the in-the-
money call owner to exercise even when there are no dividends. We will cover the topic of early
exercise in greater detail in Chapter 16. Keep in mind, however, that early exercise can add to the
investor’s transactions costs, margin requirements, and risk.

f. We have ignored the margin requirements required for written option positions.

g- We have ignored the timing of the cash flows, and the time value of money.

h. Most of the examples in this chapter had 100 shares of stock as the underlying asset. The
profit diagrams from these strategies can also be realized when one is trading foreign exchange
options and fatures options.

15.14 REeSEARCH ON OPTION STRATEGIES

Several empirical papers have attempted to measure the risks and rewards to investors who use
some of the strategies discussed in this chapter. When reading any of these, keep in mind the
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caveats of Section 15.13. Many of the early papers used closing daily option prices and did not
account for market frictions such as transactions costs, bid-asked spreads, and nonsynchronous
trading. Also, the realized results of any strategy can be time specific. For example, writing cov-
ered calls will provide superior results in a neutral market but will underperform many strategies
when the market rises sharply. Be cautious in interpreting strategy results obtained over a short
time period. Black (1975) is an insightful early article on using options.

Another important fact to remember is this:

If options are correctly priced, no option strategy should offer superior returns, given its level
of risk. The different strategies should appeal to different investors based on their beliefs and
on their levels of risk aversion.

A related issue entails evaluating the performance of portfolio managers when they use
options. Options create highly skewed returns distributions, so that the usual method of comparing
the expected return to a risk measure such as the variance of the returns distribution is not advised.
See Bookstaber and Clarke (1984), Galai and Geske (1984), and Ferguson (1987) for some of the
issues in performance evaluation when portfolio managers use options.

15.15 SummMARY

In this chapter, we demonstrate how profit tables and profit diagrams can be prepared for any simple
or complex option strategy. There are six elementary strategies: long and short stock, buy and write a
call, and buy and write a put. All complex strategies are combinations of these six basic positions.

When option positions are held until expiration, the payoff patterns differ considerably from
those that can be achieved by using only the underlying security. Thus, the payoffs can be pat-
terned according to an investor’s beiiefs and level of risk aversion. Indeed, this is often cited as an
economic rationale for the existence of options.

In Chapter 17, however, we will see that over shorter periods of time (e.g., one day), and for a
specified probability distribution of stock price movements, a call option is equivalent to a levered
position in the stock. In other words, the payoff pattern of a long call position will be seen to be
identical to the one provided by a long position in the stock financed in part by borrowed funds.
A long put is equivalent to the short sale of stock and lending. In the absence of transactions costs,
the payoffs provided by an option can be replicated by adjusting the investment in stocks and
bonds as time passes, and as the price of the stock changes. Therefore, realizing the payoff patterns
of the strategies in this chapter should not necessarily be cited as a reason for the existence of
options. However, one reason that options exist is reduced transactions costs.

McMillan (1992) provides additional details on the different strategies covered in this chapter.
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Notes

IRecall that the subject of short selling is covered in detail in Appendix A of Chapter 5.
ZAn investor who is very bearish should buy puts.

3 An investor who is very bullish should buy calls. The writer of an at-the-money naked put, or an out-of-the-money
naked put, can be neutral on the stock.

4If the AMAT put was only slightly in the money at expiration (e.g., S+=49.80), a put owner might not exercise
because transactions costs might exceed the in-the-money amount. Some brokers will automatically exercise puts
that are in the money by some minimum amount on the expiration day.

5In a horizontal spread, the investor typically writes a call with a short time to expiration and buys a call with a
longer time to expiration. The same can be done with puts.

5The covered call writer would likely be assigned the written call by the call holder. In this case, he receives the
strike price of 20 upon delivery of the shares. The profit diagram is the same as the example in the body of the text.
In practice, when deciding whether to close an in-the-money option position early, a call writer should consider
commissions, dividends, whether he wishes to continue owning a particular stock (here, Cisco), and his subjective
perceived probability that this stock will decline in price before expiration.

TThe six basic positions are long stock, short stock, long call, short (written) call, long put, and short put. All the
more complex strategies consist of combinations of the basic positions.

8See Brown and Lummer 1986, 1988, and Zivney and Alderson (1986).

9The basic put—call parity theorem is C ~P= S—PV(K). In other words, the difference between a call and a put on the
same stock with the same strike price and time to expiration equals the value of the stock less the present value
of K. Rearranging, (—$+C) - P=—PV(K), which says that the difference between the cost of a covered call (-S+C)
and the cost of a long position in a put (—P) equals the investment of $PV(K).

101f another option with a different strike price and a different time to expiration were to be sold, it would be called
a diagonal spread.

W As will be discussed in Chapter 16, if in-the-money calls will ever be exercised early, it will be optimal to do so
only on the day before the stock trades ex-dividend.

12Rate-of -return diagrams are tricky to interpret when the initial cash flow is positive (i.e., an initial cash inflow).
You might, however, consider the interest rate you compute to be a borrowing cost, because you are effectively
borrowing money when you initially have a cash inflow. Then, your goal is to borrow that money at the lowest
possible rate. .

13The pat values were estimated using the Black-Scholes put option pricing model, with no dividends. The volatil-
ity is 30%, and the riskless interest rate is 6.5%. See Section 18.10.1 of Chapter 18 for discnssion of this model.
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PROBLEMS

15.1 You buy a call for 2 5/8. The strike
price is 60. What is the maximum loss you can
possibly realize? What is the maximum profit?
At what expiration day stock price will you
break cven?

15.2 You write a naked call. The call pre-
mium is 4 3/4. The strike price is 40. What is
the maximum loss you can possibly realize?
What is the maximum profit? At what expira-
tion day stock price will you break even?

15.3 Refer to Figure 14.5. Suppose you buy
the Broadcom June 40 put option. Prepare the
profit table and profit diagram. What is the
breakeven expiration day stock price?

15.4 Refer to Figure 14.5. Suppose you sell
the AmOnline (America Online) July 50 put
option. Prepare the profit table and profit dia-
gram. What is the breakeven expiration day
stock price? Why would an investor write this
put? What are the benefits and costs of writing
this naked put compared with placing a limit
order to buy the stock at a price of $50/share?

15.5 Figure 15.8 uses Cisco common stock
to illustrate a covered call strategy. It shows
that the losses from this strategy can be signif-
icant if the stock price declines sharply. These
losses can be capped by purchasing a put.
Using the data from Figure 14.5, prepare a
profit table and a profit diagram for a strategy
in which you buy 100 shares of Cisco, sell one
July 20 call, and buy one July 15 put.

15.6 An investor wishes to buy a bullish
spread using calls on eBay. Refer to Figure
14.5. Construct the profit diagram if the May
50 and May 55 calls are used. Then construct
the profit diagram if the May 55 and May 60
calls are used. Compare the two diagrams.

Discuss the advantages and drawbacks of
each.

15.7 Define C; as the premium of a call with a
high strike price, K. Define C, as the premium
of a call with a low strike price, K;. What is the
maximum profit that can be realized from a
bullish spread with calls? What is the maxi-
mum loss from a bullish spread with calls?

15.8 Prepare the profit table for the strangle
strategy shown in Figure 15.16.

15.9 Prepare a profit table and a profit dia-
gram for a strangle strategy in which the Swiss
franc June 5700 call and the June 5650 put are
purchased. Compare the result with that for the
strangle strategy in Figure 15.16. How is it dif-
ferent?

15.10 Use the data from Figure 14.5 to pre-
pare a profit table and a profit diagram sketch
for the following strategy, assuming that all
positions are held until expiration. The under-
lying security is General Electric (Gen El).

Sell short 200 shares
Buy 2 June 50 calls

Sell 1 June 50 put
Sell 1 June 55 call

15.11 Some floor traders will “leg into two
ratio spreads.” This strategy is used when a
great deal of near term volatility is expected,
followed by a large price increase or a large
price decrease. For example, suppose a floor
trader believed that Qualcomm was going to
announce a surprise earnings figure at the end
of June 2000, at which time the stock would
move to either $180 or $140 per share. Until
then, the trader believed that the stock would
likely exhibit considerable volatility between
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$155 and $165 per share. Reflecting this
uncertainty, he observed that the July 160 puts
and calls were overpriced relative to their
“normal” values. Assume the July 160 put sold
for 7 and the July 160 call sold for 8 on June 3,
2000.

The investor could have bought the high-priced
puts and calls (a straddle), thereby profiting if
his beliefs were correct. To realize a profit, the
stock would then have had to move 15 points
either up or down, from its current value of
$159.375 share.

Instead, the trader could have legged into two
ratio spreads. Legging into a position involves
piecemeal trades over time, with the risk that
one leg (or more) might not get executed. First,
he could have sold one July 160 put (for 7) and
one July 160 call (for 8). At this stage, if Qual-
comm’s price had remained stable (i.e., the
trader was wrong), he likely would have prof-
ited as the time value of the July 160 options
decayed.

Suppose instead, that two days later, Qual-
comm had made a move to 165, sucn that one
leg of the back spread would be entered by
buying two out-of-the-money July 155 puts.
Assume that at this time the July 155 puts sold
for 3 1/8 each. Now, the trader’s belief of con-
siderable short-term volatility would be tested.
Assume that the trader was correct and that
four days after the July 155 puts were bought,
Qualcomm indeed fell to 155. The last leg of
the back spread would be entered by buying
two out-of-the-money July 165 calls. Assume
that they sell for 3 3/4 each.

Prepare the profit table and profit diagram for
this strategy.

Note that it is unlikely that individual investors
could ever profitably employ this strategy
because they must buy the options at the ask
price and sell at the bid. They also must pay
high commissions on the options. Finally, be

cognizant of the great risk that exists until all
the legs have been entered.

15.12 Suppose that on an airplane flight
you overhear one businessman talking excit-
edly to another about Dell. You also think
that you hear the terms “financial distress” and
“takeover candidate.” Finally, you hear one of
the businessmen say, “Dell’s stock price will
really move when this becomes public.” How-
ever, because the pilot rudely interrupted your
eavesdropping, you do not know whether your
unwitting informant expects Dell’s stock price
to move up or move down. Suppose that the
date of the flight is May 10, 2001, which also
happens to be the date of the price data in
Figure 14.5. Discuss the options trades you
would make based on your information.

15.13 Using the July 20 and July 25 puts and
calls for Cisco in Figure 14.5, construct a long
“box spread.” That is, prepare a profit table and
a profit diagram for the following positions:

Buy 1 July 20 call
Sell 1 July 20 put

Sell 1 July 25 call
Buy 1 July 25 put

What do you notice about this strategy? Sup-
pose you reverse the positions in each of the
four options. What do you notice now about
this strategy?

Use FinCAD’s “Option Strategy Simulator—
New” to analyze how this strategy changes
over time, all else equal.

15.14 Use call data from Figure 14.5 for
AmOnline to construct a “long butterfly.” That
is, prepare a profit table and a profit diagram
for the following positions:

Buy 1 July 50 call

Sell 2 July 55 calls

Buy | July 60 call
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Use FinCAD’s “Option Strategy Simulator—
New” to analyze how this strategy changes
over time, all else equal.

Now, suppose you had read the data from the
wrong column and used puts instead of calls.
Redo the profit table and profit diagram using
the put data. What do you notice?

Finally, reverse the positions in each call
option and redo the profit table and profit dia-
gram for this “short butterfly.”

15.15 Use call data from Figure 14.6 for
S&P 500 (SPX) options to construct a “long
condor.” That is, prepare a profit table and a
profit diagram for the following positions:

Buy 1 May 1220 call
Sell 1 May 1275 call

Sell 1 May 1300 call
Buy 1 May 1325 call

Use FinCAD’s “Option Strategy Simulator—
New” to analyze how this strategy changes
over time, all else equal.

Suppose you had read the data from the wrong
column and used puts instead of calls (Duh!).
Redo the profit table and profit diagram using
the put data. What do you notice?

Finally, reverse the positions in each of the four
case options, (this is known as a “short con-
dor.”) Redo the profit table and profit diagram.

15.16 A stop-loss order works like this. You
tell your broker to sell some stock that you own
if its price ever declines to some lower level. If
the stock reaches that level, your stop-loss order
will automatically become a market order to
sell (or a limit order to sell). Compare the bene-
fits and costs of these two alternative strategies:
(a) buy stock and place a stop-loss order at a
price $5 below the current stock price and (b)
buy an in-the-money call option, with the strike
price $5 below the current stock price.

15.17 Fill in the two blanks in the following,
which is based on a Wall Street Journal article
dealing with LEAPS on a different stock.

The new long-term options could
also be used to protect profits on stock
bought earlier. For example, suppose an
investor owned 100 shares of America
Online purchased several years ago at
$65 a share. The stock is currently sell-
ing for around $144. Suppose the ner-
vous investor is worried about losing
some of the gain if the market goes into
the soup. To sleep better, the investor
could try a “hedge wrapper.” To con-
struct a hedge wrapper, sell a call with a
strike price above the current price of
the stock and purchase a put with a
strike price below the stock’s price. In
the AOL case, the worried investor
could sell a call with a strike price of
$155, while buying a put with a $130
strike price. Both options expire in Jan-
uary 2000. The investor would receive a
brokerage credit of $1012.50 for selling
the call and would pay $725 for the
put—a net credit of $287.50, not count-
ing commissions.

This strategy would not only offer
protection against a stock price slide, it
would ensure a profit—again, not
counting commissions—of at least ___
% on the combined stock and stock
options positions. The investor’s
downslide protection comes from the
put, which gains in value if the stock
price drops below the put’s strike price.

The trade-off is that the return
would be capped at __ %, no matter
how high the stock rallied. That’s
because the investor could expect to
have the stock ‘“called” away at the
$155 strike price once AOL’s stock
price rose above $155 a share.

15.18 In the late 1980s, two companies,
Marion Merrill Dow and Rhéne-Poulenc,
issued contingent value rights (CVRs) that
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traded on the American Stock Exchange. To
describe a CVR, two useful definitions are as
follows:

BP =base price

TP =target price

If Sy is the stock price at expiration, then a
CVR pays off as follows at time T:

0 if S7=2TP

TP-S; if BP<S<TP

TP-BF if S;<BP

Here are the relevant parameters, assuming
that the companies do not elect to extend the
expiration date (which they could do):

BP TP T
Marion
Merrill Dow  $30.00 $45.77 September
30, 1991
Rhdne-
Poulenc $52.00 $98.26 July
31, 1993

On January 10, 1991, the Rhone-Poulenc CVR
sold for $8.25, and the common stock sold for
$67.75. Prepare a profit table and profit dia-
gram for the Rhéne-Poulenc CVR. What other
strategy offers the same type of payoff struc-
ture as a CVR? :

Also prepare a profit table and profit diagram
for a strategy in which one share of Rhone-
Poulenc and one CVR are bought. What rate
of return would an investor earn if Rhone-
Poulenc’s stock price on July 31, 1993 was
unchanged from what it was on January 10,
1991? What are the rates of return if Sp=BP
and if S7-=TP? What is the breakeven point?

What is the minimum rate of return this strat-
egy can realize?

15.19 Use FinCAD’s “Option Strategy
Simulator-New” template to analyze how a
written strangle decays over time.

15.20 You buy a call option with a strike
price of 40. The price of the call is 3. The price
(today) of the underlying asset is 39. At what
price would the underlying asset have to sell
(Sy) for you to break even?

a. 36

b. 37

c. 40

d. 42

e. 43
15.21 You write a put with a strike price of
40. The price of the put is 3. The price of the
underlying asset is 39. At what price would the
underlying asset have to sell (S7) for you to
break even?
36
37
40
42
43

o o0 Fs

15.22 The profit diagram for writing a cov-
ered call looks like

a. Buying a call

b. Writing a naked call

¢. Buying a put

d. Writing a naked put

e. Buying the underlyihg asset



CHAPTER 16

Arbitrage Restrictions on Option Prices

In Chapter 15, we presented option strategies based on the value of options at expiration. In
Chapters 17 and 18, we will discuss two particularly important models that can be -used to
calculate option prices before the option expiration date.

However, before those two specific models are presented, it is important to realize that basic
option values before expiration must obey a set of pricing restrictions, regardless of the specific
option-pricing model employed. Therefore, in this chapter, we present the upper and lower bound-
ary prices for call and put options.

We close this chapter with a particularly important relationship is known as pur-call parity.
Note that this important relationship, the subject of Section 16.4, can be studied independently of
the other pricing restrictions.

To begin, recall that a fundamental assertion of modern finance is that arbitrage cannot persist.
Arbitrage is a trade, or a set of trades, that produces a positive cash flow at one or more dates and
zero cash flows at all other dates. In weli-functioning markets, options, like any other security,
cannot be priced such that arbitrage opportunities exist. If the chance to realize a riskless arbitrage
profit were to appear, investors would immediately move to exploit it, and in the process, prices
would correct themselves. This chapter also establishes important concepts concerning the early
exercise decision for American options on equities.!

We make the following assumptions in deriving the arbitrage restrictions described in this
chapter:

a. No commissions or transactions costs.

b. All trades take place at a single price (i.e., there is no bid-ask spread, and trading does not
affect the market price).

¢. No taxes.

d. No margin requirements and no short sale.restrictions. Investors receive the full amount of
written options and shares sold short.?

e. Investors can trade in the stock and options markets instantaneously. Investors get immedi-
ate notice of option assignments.

f. Dividends are received on the ex-dividend day, and the ex-day stock price decline equals
the dividend amount.

Investors prefer more wealth to less, and they are quick to take advantage of any arbitrage
opportunities that appear.

L]
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h. The underlying asset is 100 shares of common stock, or an index option. (Some of the
results do not apply to futures options or options on foreign exchange.)

If an option or options appear to violate any of the following derived restrictions, do not
believe that you can exploit the apparent mispricing. The foregoing assumptions probably do not
hold for you unless you are a low cost trader (i.e., an institutional trader or an individual with sub-
stantial capital who has seats on the appropriate options and stock exchanges). Floor traders also
have the advantage of buying at the bid price and selling at the ask price. Finally, even if you
observe that an option’s closing price appears to be violating a pricing restriction, remember that
prices in the financial press are always suspect owing to nonsynchronous trading and bid—ask
spreads.

16.1 NOTATION

16.1.1 Time

Some notation must be introduced. Today is defined as time zero (0). The expiration date is time T.
Any intermediate dates are denoted 11, 12, etc., with 11 the closest to time 0. Figure 16.1 depicts a
time line that should make these concepts easier to picture. At time 0, the time left until expiration
equals 7. At time r1, the time left until expiration equals 7—t1.

16.1.2 Interest Rates

The present value, as of today, of $Z to be received at time T'is Z(1+r)~ "=2/(1+r)". Thus if T=1
year, K=$50, and the yearly interest rate is r is 8%, the present value is 50/(1.08)" =$46.2963.
An annual 8% interest rate can be converted to a rate applicable for a shorter period of time by
using either the simple interest method (so that an annual rate of 8% is a 4% semiannual rate and
a 2% quarterly rate) or the compound interest method. With the latter, one solves for the periodic
rate that, if compounded, yields 8% per year. That is, in this example, the semiannual rate is
3.923% (because 1.03923°— 1= 8%) and the quarterly rate is 1.943% (because 1.01943*— 1 =8%).

You might ask whether the interest rate is a borrowing rate or a lending rate. Under the
assumptions in this chapter, the two rates are equal. However, if you were ever to try to arbitrage,
use your own borrowing rate if the trades call for borrowing and your own lending rate if they
require lending. If markets are functioning properly, the pricing restrictions will incorporate
the borrowing and lending rates of the most advantageously sitnated investors (the one with the
lowest borrowing rate and the one with the highest riskless lending rate).

16.1.3 Dividends

Although we assume that corporations pay dividends on the ex-dividend day, that rarely happens
in reality. On average, firms actually pay their dividends about a month after the ex-day. The error

/ / / / /

Date 0 11 2 T
Time to expiration T T-11 T-12 0

Figure 16.1
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created by assuming that a dividend payment of $0.50 is made on the ex-day, rather than on the
actual payment day, equals the interest that could be earned on that amount between the ex-day
and payment day. If the annual interest rate is 6%, this is about $0.50x 0.06 x /12 =$0.0025. The
error of a quarter of a cent per share can be safely ignored.

Announcements of the ex-date and the dividend amount are usually made well in advance
of the ex-date. Thus, dividends can be frequently regarded as certain, or riskless, particularly
when we are dealing with short-term options. In some cases, however, there is significant
probability that a dividend will be raised, lowered, or eliminated altogether. Moreover, the
dividends associated with long-term options such as LEAPS should be treated as random
variables.

When dividends are uncertain, we must have some new notation. Define the maximum
dividend amount expected as D. When we discuss the present value of D, we mean the maxi-
mum present value of the largest possible dividend. Therefore, you must assess (a) the closest
date you believe that the stock will trade ex-dividend (a closer date increases the present value)
and (b) the largest dividend you believe the company will pay. The latter will frequently equal
the most recent quarterly dividend, with some added amount to account for a possible
dividend increase.

Similarly, define the smallest dividend amount you believe possible as D. If you believe there
is some probability that the company will actually skip its dividend payment, then D equals zero.
Most of the time, D will equal the current quarterly dividend. This is because dividends are infre-
quently reduced or suspended. When discussing the present value of D, we mean the minimum
present value of the smallest dividend believed possible, which is D, paid at the latest date you
believe possible.

For the remainder of the chapter, we generally follow the following format. First, a proposi-
tion is made and then the proposition is proven. Then, the proposition is intuitively discussed and
examples are frequently given. Moreover, each proof follows the same format. Following the
proposition, we ask, “What if the proposition is violated?” If it is violated, an inequality in the
form A>0 is created, where A defines certain trades that will lead to a cash inflow today.
Then, we will demonstrate that no matter what happens in the future, only nonnegative cash flows
will be realized. The proof is then complete because arbitrage profits are earned if the proposition
is violated.

The arbitrage restrictions create the smallest distance possible between the highest permitted
option value and the lowest permitted option value. To say that an option’s lowest value (lower
bound) is zero and that its highest value (upper bound) is infinity does not provide us with much
information. If we can show that an option must sell between 4 and 7, or better still, between
5.2 and 5.7, then we have better information. At the limit, the upper and lower bounds will
converge, in which case we can say we have an option pricing model. Option pricing models are
the subject of the next two chapters.

We are now ready to establish pricing restrictions for option prices. In Section 16.2 we set
boundary conditions for calls. Upper bounds, or maximum prices, for calls will be determined
first. Then, we derive lower bounds, or minimum prices, given other factors such as the stock
price, strike price, and dividends. You will learn that the bounds for American calls frequently
differ from those for European calls. After establishing the upper and lower pricing boundaries, we
will prove that two calls that differ only in their times to expiration or only in their exercise price
must satisfy certain pricing restrictions. In Section 16.3 we determine the analogous pricing
restrictions for puts.
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Along the way, important statements about the possibility of early exercise of American calls
and puts will be made, given the pricing restrictions that were proven.

16.2 PRICING RESTRICTIONS FOR CALLS

16.2.1 Upper Bound
The highest no-arbitrage price for a call is the current value of the underlying asset. That s,
PropositionI: C<S§
What if Cc>S
If Proposition I is violated, C—~S>0. The form of this inequality is A>0. To arbitrage, we

wish to trade today so that we receive a cash inflow of C and pay a cash outflow of S. Therefore,
we sell the call and purchase the stock.

At Any Date Before
Expiration, the At Expiration
Written Call (if not exercised early)
Today May Be Assigned® S>K S7<K
Sell call +C Deliver stock that you own —(S—K) 0
Buy stock -S§ and receive K +Sr +Sr
>0 +K>0 +K +Sr

Thus, if a call price exceeds the stock price, an investor can arbitrage by writing a covered
call. By purchasing the stock at a price that is lower than the written call premium, the arbitrageur
is causing a cash inflow to occur at time zero. Subsequently, only positive or zero cash flows will
occur. This is arbitrage.

It is important to account for the possible early assignment of a written American option.
Thus, we include the center column of our arbitrage tables. If the written call had been European,
only the initial and expiration day cash flows would have been relevant.

16.2.2 Lower Bounds .

The lower bound for call prices depends on whether the call is American or European and on
whether there will be ex-dividend days between today and the expiration date.

16.2.2.1 American and European Calls, No Dividends

Proposition II: € >max[0, S—K(1+r)" "]

Proposition II says that any call on a stock that pays no dividends (or will not pay any dividends
until after the call has expired) must sell for more than zero if S<K(1+7r)~ " If S>K(1+r)” T the
call must sell for more than the stock price minus the present value of K, S—-K(1+r7".

It should be intuitively obvious why option premiums must be nonnegative. If an option has a
negative price, the buyer receives a cash inflow when he purchases the option. Obviously, if that
situation ever presented itself, an investor could “buy” the option and throw it away. By doing
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so, he would realize a cash inflow. Therefore, we have proven that a call premium cannot be
negctive.

Now, we complete the proof by showing that a call must sell for more than the difference
between S and the present value of K, that is, C=S—K(1+r)"".

What if C<S—-K(1+n T

Then C-S+K(1+ry"<0
Or ~C+S-K(1+r™">0
At Expiration
Today Sr>K Sr<K
Buy call -C +(S7—K) 0
Sell stock +S -Sr -Sr
Lend -K(+r)7T +K +K
>0 0 —S;+K>0

This proof holds for American or European calls because the arbitrage involves the purchase of
the call. Thus, because he owns the option, the arbitrageur does not have to worry about being
assigned the exercise.

There is a weaker lower bound for American calls (not European calls) that would allow an
arbitrageur to immediately realize the profit.

Proposition IT": C>max[0,5 - K]

What if C<S-K

Then C-S+K<0

Or ~C+S-K>9
Today
Buy call -C
Exercise call (acquire the stock for $K) -K

Sell stock that you bought from the exercise  +S§

>0

Proposition II” states that an American call must always sell for at least its intrinsic value. This is a
weaker bourd than Proposition II, for in-the-money calls. To illustrate why it is weaker, consider
the case of: $=44, K=40, r=10%, and T=1 year. Proposition II says that for American or
European calls on non-dividend paying stocks, C>5—K(1+r)" 7, that is, C>44—40/1.1=7.636.
Proposition II’, however, merely states that C>2S—K, or C>44—40=4.

Proposition II" is a weaker bound than Proposition II because stating that the call premium must
exceed 7.636 is stronger than saying that it exceeds a price of only 4. However, the proof of proposi-
tion I’ is interesting because all cash flows from the arbitrage are realized immediately. Also, Propo-
sition II" holds for all American calls, even if there will be ex-dividend days prior to expiration.*

We have now established upper ard lower pricing bounds for American and European calls
on non-dividend-paying stocks. Figure 16.2 illustrates the nature of these bounds. The upper
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C=S-K(l+r)

KQ+rTK S

Figure 16.2 Boundaries on call option values before expiration, non-dividend paying stocks.

bound is the line C=S. The lower bound is the greater of 0 (if the call is out of the money), or
S—K(1+r)y T The latter line dominates the C=S—K line.

Before expiration, calls on non-dividend-paying stocks can sell only in the shaded region in
Figure16.2 We can now make some important statements.

L. Before expiration, in-the-money calls on non-dividend-paying stocks will always have
some time value. We know this because C=2S—K(1+r)" ". In Figure 16.2, note that in-the-money
calls will always sell for more than their intrinsic value (if there are no dividends). On day 7,
there is no time to expiration, so Cr=Sp— K if the call is in the money, and C=0 if the call is out
of the money.

2. An American call on a non-dividend-paying stock will never be exercised before expiration.
If an investor exercises an American call before expiration, an investor pays $K for stock worth $S.
That is, the “profit” is the call’s intrinsic value, S — K. We know, however, that if the investor sells the
call, he receives at least S—K(1+7r)”". This latter amount is always greater than the call’s intrinsic
value. If the call is out of the money (i.e., K<), it is irrational for an investor to exercise it early
because the investor pays $K for the stock when exercising, but the market price is $S. The only time
an American call on a non-dividend-paying stock will be rationally exercised is on its expiration day.

3. An American call on a non-dividend paying stock will sell for the same price as a Euro-
pean call on the same stock, all else equal. If an American call will never be exercised early (under
the assumptions made at the start of the chapter), then an American call is effectively the same as
a European call. There is no value to the option to exercise early if it will never be used. Note that
in the “real world,” in-the-money American calls might be exercised early before expiration, even
if the stock will not pay dividends prior to expiration. This is because of the market imperfections
we assumed away at the start of the chapter. Example 16.1 illustrates how the bid-ask spread can
lead to early exercise.

Taxes and commissions might also induce an investor to exercise early.” Finally, suppose an
investor is short the stock and long an in-the-money call. To close the short position and eliminate
the costly margin tied up in the short position, an investor might elect to exercise early.

EXAMPLE 16.1 = The existence of bid-ask spreads might lead an investor to exercise
early. Suppose §=72, K=60, and the bid and ask prices on the call are 117/ and 12'/s,
respectively. If a market order to sell were placed, an investor would realize only 11 ¥s.
The investor might be better off exercising and selling the stock, even after commissions.
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16.2.2.2 European Calls on Dividend-Paying Stocks

For simplicity, assume that there is just one ex-dividend day between today and the expiration day.
Today is time 0, and the éx-day is time r1.° Under this assumption, we can state:

Proposition IIl: € > max[0,S~D(1+r)™" = K(1+r)7]

What if C<S=-Di+r™"—Kk(1+r)T

Then C-S+DU+r) " +K(1+r)T<0

Or ~C+S-D(U+r) " —K1+r)T>0

At Expiration
Today At Time 1 Sr>K Sr<K
Buy call -C +(S7—K) 0
Sell stock +S —D (actual) -Sy -Sr
Lend -D(1+r)" +D
Lend K+ T +K +K
>0 >0 0 >0

Note that there are two loans being made. First, a loan of $DA + )™ is made from time 0 to time
t1. This guarantees that the investor will receive the maximum dividend believed possible on the
ex-day. The second loan is a loan of $X(1+r)~7 from time O to time T Thus, the investor receives
$K at time T,

At time ¢1, the stock trades ex-dividend. The arbitrageur is short the stock, so he must pay out
the dividend. However, he had earlier made a loan so that he would be repaid an amount equal to the
greatest dividend for which he believed he would be liable. Thus, at time t1, there is a positive cash
flow (if the actual dividend is less than D) or a zero cash flow (if the actual dividend equals D).

449

EXAMPLE 162 As an examiple of a Bur

 sell below its intrinsic value, consider:
S$=60
K=20
T'=1 year
K+ T=20/1.1=1848
Present value of dividends =3 - e ; : e
Note that while the intrinsic value of the call is 40, thelower bound of this caﬂxs only
60— 18.18-3=38.82. The reason for this is that the European call owner has a call only

on the stock’s value at time 7, which equals the present value of all dividends subsequent

to time 7. The European call owner has no claim'to any dividends paid between times

Oand T. Py,
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C=S5-PV(D)-PV(K)
may exist here or here

Figure 16.3 The lower bound for a European call on a dividend-paying stock can be to the left or the right
of the intrinsic value line.

At expiration, the call must be sold for its intrinsic value if it finishes in the money, or else it
expires worthless. The stock originally sold short must be covered (i.e., repurchased), creating a cash
outflow of $S. Finally, the original loan of K(1+7r)" T is repaid, resulting in a cash inflow of $K.

Proposition III creates an interesting phenomenon for European calls on dividend-paying
assets. They can sell for below their intrinsic value. In other words, the restriction can lie to the
left or the right of the C=S5—K line, as shown in Figure 16.3. Example 16.2 illustrates this
phenomenon.

American calls, however, can never sel! below their intrinsic value, regardless of dividends.
If a dividend before the expiration date of the call is significant, the American call owner will
exercise and capture the dividend.

16.2.2.3 American Calls on Dividend-Paying Stocks

As stated in Proposition IV, to prevent arbitrage the value of an American call on a dividend
paying stock must equal or exceed four values. That is, the lower bound on the value of such a call
is given by the maximum of the four values. In Proposition IV, we assume that times ¢1 and 12 are
the nearby and more distant ex-dividend dates, respectively. If there is only one ex-date, or more
than two ex-dates, Proposition IV must be appropriately modified (see page 451-2 for an example
using three ex-dates).

a 0
c b. S-KQ+r™
ses . 2 max —
Propositions 1V: c. S-Did+r""-K1+ )2

d S-DIa+r1-D2A+n " -K(d+r)"

We have already demonstrated that a call cannot sell for a negative value. Thus, Proposition
IVa has been proven.
Proof of Proposition IVb proceeds as follows.
Whatif ~ C<S-K(1+r) "
Then C-S+K(1+r <0
Or —C+S—-K(1+n™"'>0
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Today Just Before the Stock Trades Ex-Dividend
at Time 71
Buy call -C Exercise call: acquire stock and pay K
Sell stock +S Long stock and short stock offset each other
Lend ~KQ+nr)" +K
>0 0

The arbitrageur exercises the call an instant before the stock trades ex-dividend. In reality,
if the stock traded ex-dividend on, say, January 12, then the call would be exercised at the close
of trading on January 11. By exercising, the arbitrageur pays $X for the long stock position.
However, because the stock was also sold short, the two positions offset each other.

Proof of Proposition IVc involves the exercise of the call just before the stock trades ex-
dividend at time #2. It is left as an exercise for the student. However, the proof of Proposition IVd
should provide a guide to prove Proposition IVc.

Proposition IVd proceeds as follows.

What if C<S-Di+r) " -D20+r "2 —K1+r)"

Then C-S+DIA+rnN™ +D20+n™"? +K1+r"<0
Or —C+S-DI(l+r) ™" =D2(+r)™" -K(1+r)T>0
Time T
Today Time 1 Time £2 Sr>K Sr<K
Buy call -C +(S7—K) 0
Sell stock  +S§ —-Dl(actual)  —D2(actual) -Sr -Sr
Lend -D1d+r™ +D1
Lend -D2(1+r)™" +D2
Lend -K(1+rT +K +K
>0 >0 >0 0 >0

Let’s work an example of Proposition IVd. On March 20, 1997, IBM stock closed at $146 /s per
share. The January 1998 IBM LEAP call with K =130 closed at 27. The last dividend amount was
$0.35/share, and the last ex-dividend date was February 6, 1997. The option expires on the third
Friday of January 1998, which is January 16. The riskless interest rate is 6%. Assume that the
earliest next three ex-dates will be on May 6, August 6, and November 6, 1997, and that the
highest dividend amounts possible are $0.40, $0.45, and $0.45 per share on those three dates,
respectively. Thus,

§=146/s

K=130

T=302 days=0.8274 year
r=6%/year
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t1=47 days =0.1288 year

12=139 days =0.3808 year

t3=231 days =0.6329 year
D1=0.40

D2 =0.45
D3 =045

Because there are three dividend dates, Propositions IV state that the call must sell for more than
the greatest value of the following five amounts (note that to account for three dividend dates, we
must modify Proposition IV on page 450).

a. 0
b. S—K(1+r)~ "' =146.125-130/(1.06)° 2% =17.097

c. S=DI1+r) " =K1+ r)™ =146.125- 0.40/(1.06)* 1288 _130/(1.06)" = 18.5808
d. S-DI(+r" -D21+r ™ -K(1+r™"

=146.125 - 0.40/(1.06)%'288 — 0.45/(1.06)"35%® ~130/(1.06)*9*® =19.9947
S—-DIA+n ™" -D2(1+r)" -D31+r)" - KA +r)T

=146.125 ~ 0.40/(1.06)* 12 — 0.45/(1.06)****® — 0.45/(1.06)°53%°
—130/(1.06)°%27 = 20.973

®

The greatest value of these four amounts is 20.973, and the actual call value was 27. Thus,
there were no arbitrage opportunities. However, suppose the actual call value was 20. Then the
price would violate Proposition I'Ve. To arbitrage, do the following:

Jan. 16, 1997

March 20 May 6 Aug. 6 Nov. 6 S7>130 S;<130

Buy call -20 ' +(S;-130) 0

Sell stock +146.125 —Dl(actual) -D2(actual) —D3(actual) -Sr -Sr

Lend -0.3970 +0.40

Lend ~0.4401 +0.45

Lend -0.4337 +0.45

Lend -123.88 +130 +130
+09742 20 - >0 20 0 20

Note that the arbitrage does not require early exercise of the call. There will be no cash
outflows at any date. There is a cash inflow of $0.9742 on March 20. If the actual dividend on
May 6 is less than 0.40, there will be another cash inflow on that date because $0.40/share was the
highest dividend the arbitrageur thought possible on May 6. If the stock price on the expiration
date is greater than 130, the arbitrageur gets a zero cash flow on that day. It is also possible that if
S7 <130, an additional cash inflow will be earned at expiration.
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Now we can make some important statements

1. An in-the-money American call on a dividend-paying stock will always have some time
value, except (possibly) on the day before it trades ex-dividend and (always) on its expiration day.
This statement can be made because of Proposition IVb. An American call that is in the money will
always sell for at least S—K(1+r)~"", and this amount always exceeds S—K (its intrinsic value)
except on the last with-dividend day, when ¢1 approaches 0. If Proposition IVb is the lower bound
of an American call on a dividend-paying stock, then it might have no time value on the day before
it trades ex-dividend.,

2. An in-the-money American call wiil never be exercised early, except on the day before it
trades ex-dividend. By exercising an American call early, the call owner realizes only the call’s
intrinsic value. Before the stock’s last “with-dividend” day, it is preferred to sell the call under our
assumptions. This is because the intrinsic value and some time value will be realized. However, on
the day before the stock trades ex-dividend, it may have only intrinsic value. This is a necessary
condition for it to be exercised early. Again, it must be stressed that market imperfections such as
transactions costs and taxes might result in some investors exercising in the money calls earlier
than the day before it trades ex-dividend.

16.2.3 Early Exercise of American Calls’

Before expiration, the only possible time that an American call will (theoretically) have zero time
value is the last day before an ex-dividend date. Therefore, we can conclude that American options
will never be exercised except immediately before any ex-dividend dates, and at expiration. Recall
that when the call owner sells the option, he receives its intrinsic value plus some time value. If the
owner exercises the option, however, he receives only its intrinsic value.

Someone who exercises too early forfeits the option’s time value and also, if he continues to
retain ownership in thg, stock may regret having exercised. The regret comes from a sudden and
unexpected large decline in'the stock price. That is, if the stock price is below $K at expiration, the
owner of the call has realized the benefits of a call’s limited liability because he loses the same
amount if Sz is a dollar below $K or if S;- drops to zero. A stock owner, however, bears the entire loss.

Finally, funds must be used to pay $X for the stock, and these funds will no longer be able to
earn a rate of return for the early exerciser. One condition for optimal early exercise is for the
dividend amount to exceed the present value of the interest that could be earned on $X between the
ex-date and the option’s expiration date, An investor who is considering early exercise on the last
with-dividend date will receive the dividend but will lose the interest he could have earned on the
$K that he is effectively saving in the bank until expiration.

Thus, we have stated three reasons for not exercising until Jjust before the stock trades ex-
dividend (in practice, just before the close of trading on the last with-dividend day). The benefit of
exercising on this day is that the call owner will receive the dividend. Exercising early on any day
other than the day before the ex-day has the three costs just stated, but no benefits. For American
calls, the early exercise privilege is valuable only on the last with-dividend date. On that date, the
call owner captures the dividend by exercising early. We next show that by exercising early when
it is optimal, he will also avoid a decline in the value of the call on the ex-dividend day.

Assume the following: (a) an investor owns an in-the-money American call on a stock that is
about to trade ex-dividend; (b) the stock will fall in price by the amount of the ex-dividend amount;
and’(c) the call is selling at its minimum price boundary condition defined by Proposition IVb

453



454

16 ARBITRAGE RESTRICTIONS ON OPT!ON PRICES

(i.e., it has no time value). On the ex-day, the call may trade at a lower price because the stock
price will fall, and because the lower pricing boundary has fallen from
C 2 S(with-div) — K
an instant before it trades ex-dividend to
C = Sex-div)—-K(1+r)"
where T is the time to expiration and S{ex-div) = S(with-div)—div.

In other words, the lower pricing boundary actually shiits on the ex-dividend day. The possi-
bility of arbitrage keeps the American call value high (just equal to, or just above, its intrinsic
value) on the last with-dividend day, when an otherwise equivalent European call would have
sold at less than its intrinsic value because of the impending dividend. After the stock trades
ex-dividend, and if there are no more ex-dates, the European and American calls will sell for the
same price, and both must sell for more than intrinsic value.

Figure 16.4 shows how an American call can fall in value on the ex-dividend day. On the last
with-dividend day, the stock price is S(with-div), and the call is selling at its lowest possible price,
C(with-div) = S(with-div) — K. This is the lower bound by Proposition IVb, when ¢1 is zero. Figure
16.4 shows the stock price falling on the ex-dividend day to S(ex-div). If there are no further divi-
dends, the new lower boundary for the call is S~ K(1 +r)” T (by Proposition II). Figure 16.4 shows
a range of possible ex-day call values that are below C(with-div). No investor who expected the
ex-dividend call price to be in this range would hold the call. If all investors shared the same belief
that the call will decline in value to be in this range, no other investors would be willing to buy
options from the call owners. Thus, early exercise is the only way to avoid the loss.

Let’s make a general demonstration of the early exercise logic. A call owner will exercise her
call early if the realized wealth from exercising exceeds the value of the call if it is held anothex
day (on which the underlying asset will trade ex-dividend). If the call is exercised early, her wealth
will be S(with-div) — K. Thus, the call owner will exercise early on the day before the stock trades
ex-dividend if the call’s intrinsic value on that day is greater than the call price expected on the
ex-date:

S(with-div)- K > E[C‘(ex-dividend)] (16.1)
The tilde (7) above the ex-dividend call value denotes it as a random variable. Note also that on the

day before a stock trades ex-dividend, deep in-the-money calls will often sell for their lower bound
of S(with-div)—K.

o

Lower bound, ex-
dividend, is S(ex-div)— K(1 + )T
C (with-div) '\

Lower bound, just prior to the
ex-date, is S(with-div) - K

Min C (ex-div)

&« div —>

K(1+rT K Sex-div) S(with-div)

Figure 16.4 American calls on dividend-paying stocks should be exercised early (on the last with-dividend
day) when the value of the call will decline on the ex-dividend day.
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The ex-dividend call value will sell for its lower bound, perhaps plus an unknown amount, 2 :
E[C(ex-div)] = E[S(ex-div) = K(1+r) T +%] (16.2)

Substitute Equation (16.2) into (16.1). We conclude that the call owner will surely exercise if:
S(with-div) — K > E[S(ex-div)— K(1+r)"" +3] (16.3)

The variable Z allows the call to sell for more than its minimum bound on the ex-dividend day.
Now assume that the stock price is expected to decline by the dividend amount on the ex-dividend
day and write

E[S(ex-div)] = S(with-div) - div (16.4)
Substituting Equation (16.4) into (16.3), we conclude that early exercise is optimal if
S(with-div) — K > S(with-div) — div — K(1+ r)™" + E[7] (16.5)
After simplifying this expression, we have:
div> K- KQ+r) " +E[Z] (16.6)

This expression must hold for early exercise to be optimal. Note that if the call is sufficiently deep
in the money and/or close to expiration, it is likely that the ex-dividend call will sell for its lowest
possible value of S—K(1+r)"", which means that for deep in-the-money, short-term calls, E[Z]
often will be zero. If E[z] =0, then the condition for optimal early exercise is:

div>K-K(1+nT (16.7)

The right-hand side of Equation (16.7) equals the interest that could be earned by investing the
present value of $K until expiration. Thus, we have shown that a deep in-the-money call should be
exercised just before it trades ex-dividend if it is expected to decline in value when the stock trades
ex dividend, and this will occur when condition (16.7) exists. Equivalently, we can say that early
exercise is optimal when the proceeds from early exercise exceed the expected ex-day price of
the call.
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EXAMPLE 163 If k=50, r= 10%/year, and. T—«Z months, then K- {Kf(i +n7}=
50 —[50/(1.1)*'%"]=0.7880, which is the present value of the interest on $50. If (a) the

dividend exceeds this amount, (b) the call owner believes that the stock price’ will fall by :

the dividend amount, and (¢) the call owner believes tbat the ca]l will scll at its lower
bound on the ex-day, the call should be exercised.

Consider the data more speaﬁcally Let the with- dxvxdend stock price be $60 and :

the dividend equal $2. If the American call is selling at its lower bound, thh~dmdcnd,

it sells for $10. If you expect the call, ex-dividend, to sell at its lower bound of
S(ex-div) — K(1+ r)~ 7, then you expect it to be worth only 58 ~ 49.212=8.788. Inother
" words, holding the call will produce a loss. If all investors have the same behefs asyou,

no one will buy the call from you, with-dividend, for $10. The only. ratxonal action for all” e

owners of this call is to exercise the calls, with-dividend.
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Summing up, early exercise of American calls will occur only on the day before an ex-dividend
date and is more likely to occur

The greater the dividend

The lower the interest rate

The more the call is in the money

The lower the strike price

The shorter the remaining time to expiration

The lower the time value of the call on the last with-dividend day

16.3 Puts

16.3.1 Upper Bounds
16.3.1.1 American Puts

Proposition V:  P<K
What if P>K
Then P-K>0

Today At Any Later Date if the Written Put Is Assigned

Sell put +P Pay K to acquire the stock, - K
Immediately sell the stock, +S
Lend -K + K +interest

>0 +S+interest>0

Even if S is zero, the arbitrageur realizes a cash inflow equal to the interest on the loan of $K. If

the written put is never exercised, the arbitrageur receives a positive cash flow at time T of $K+
interest.

16.3.1.2 Upper Bound for European Puts

For European puts, we can obtain an even tighter upper boundary for prices:

Proposition VI: P<K(1+r)7 "

What if P>K(1+n T
Then P-KQ+rT>0
At Expiration
Today ST_>K ST< K
Sell put +P 0 —(K-S57)
Lend -Ka+n T +K +K

>0 +K>0 +85>0
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EXAMPLE 164 Consider the following data:
K=20

K1+ T=19

American put premium = 19.50

This situation does nor offer an arbitrage opportunity. Suppose an investor tried to
arbitrage by selling the put (cash inflow of 19.50) and lending (cash outflow of 19). Then,
the next day, the stock falls to zero and the put is exercised early. The investor receives
worthless stock and pays X (cash outflow of 20). However, the loan of 19 will have
earned only one day’s interest. The cash flow on the early exercise date is then negative
(19+one day’s interest+0.50 - 20). Thus, a violation of Proposition VI does not lead to
arbitrage profits for American puts.

It is important to note that Proposition VI holds for European puts. If an investor tried to arbi-
trage with an American put when K(1 +r)" "< P<K, the written American put could be assigned
before expiration at a time that the stock price was very low (consider the case if the stock were
worthless). In this case, interest earned on the loan of Ka+r7 might not be sufficient to fund the
required payment, which is equal to the strike price. As a result, this could lead to a negative cash
flow on the early exercise date.

16.3.2 Lower Bound for Puts on a Non-Dividend-Paying Stock

16.3.2.1 American Puts
Proposition VII: P>max[0, K-S]

Like calls, puts cannot be worth a negative amount. If a put option “sold” for less than zero, an
investor could buy the put, receive a cash inflow equal to the negative premium, and then throw the
put away.

What if P<K-$?
Then: P-K+5<0
Or: -P+K-S>0
Today
Buy put -P
Buy stock -S
Exercise put +K
>0

Note that this arbitrage can be done only with American puts because the purchased put is
immediately exercised. Moreover, the transaction could be done at any time, regardless of divi-
dend payments. Thus, the following statement can be made:

An American put can never sell below its intrinsic value. It will always have zero or positive
time value.
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16.3.2.2 European Puts

For European puts on a non-dividend-paying stock, we have a weaker lower pricing boundary:

Proposition VIII: P>max [0, K(1+r)"=8]

What if P<K(1+ryT-58
Then P-K(1+7r) T+5<0
Or —P+K(1+r"T-5>0
At Expiration
Today Sr>K Sr<K
Buy put -P 0 +(K-S7)
Borrow +K(1+r T -K -K
Buy stock -S +Sr +Sr
>0 >0 0

Thus, from Proposition VIII:
A European put on a non-dividend-paying stock can sell for less than its intrinsic value.

In fact, in-the-money European puts will frequently sell for less than their intrinsic value. These
puts will also rise in value as time passes, since we know that at expiration, they must sell for their
intrinsic value, max[0, K — S7]. American puts can never sell for less than their intrinsic value and
can never rise in value as the expiration date nears.

Summarizing what we have learned for puts on non-dividend-paying stocks, there are differ-
ent boundaries for American puts and for European puts. They are depicted in Figure 16.5.

Note that American puts have a higher price range than European puts. This is intuitive when
the value of the right to exercise early is high. Because in-the-money American puts.are, in fact,
frequently exercised early, they will often sell for more than otherwise equivalent European puts.

At least two factors induce an owner of an in-the-money American put to exercise early. If the
put is deeply in the money, its owner can begin to earn a return on the $K he receives from exer-
cising the put. Also, as S declines, the range of *“good” outcomes for the put owner narrows. After
all, the stock can only go to zero. For example, why would one want to buy a put with a $10 strike

P .
A £= A
— -7
E P=K(+n £
& P=K-S
P=K(1+rT-§ —>
EN\ A >
PV(K) K

Figure 16.5 Pricing boundaries for puts on non-dividend-paying stocks: AAA, American put boundaries;
EEE, European put boundaries.
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price if the stock were selling for only $0.50 per share? There is very limited additional profit to be
earned if the stock price fell to zero.

16.3.3 Lower Price Boundaries for Puts on Dividend-Paying
Stocks
16.3.3.1 European Puts

Proposition IX: P>max[0, K(1+r) "=S+D (1+r) "]

Recall that D is the smallest dividend believed possible. If there is more than one dividend, the pre-
sent value all the smallest dividends believed possible must be added to Proposition X2

What if P<K(+r) T-S+DA+r"

Then P-K(1+r) T+5-D1+r)""<0

Or —P+K(+r) T=S+D(1+1n ">0

At Expiration
Today At Time £1 Sr>K Sr<K
Buy put -P 0 +(K-Sp)
Borrow +K(1+n) T -K -K
Buy stock -S + D(actual) +Sr +S7
Borrow +D(1+r) " -D
>0 >0 =0 0

Dividends increase the lower bound of European put prices. The minimum price is raised by
the present value of the smallest dividend that the arbitrageur believes will be paid (D equals zero
if there is a probability that the dividend will be skipped altogether). This result is intuitive, since
on a stock’s ex-dividend day, the price falls by the amount of the dividend. The price decline will
make the put more valuable. The boundary of Proposition VIII can never be weaker than the
boundary of Proposition IX.

16.3.3.2 American Puts

The lower bound for American puts on dividend-paying stocks is the greatest of several possible
amounts. Let us assume that there are two ex-dividend dates before the expiration date of the put.
Then, the put must be worth the maximum of four values:

a. 0
b. K-S
KA+ =S+D1+r)™"
d. KA+ ™ -S+DId+r™ +D2(1+r"

Proposition X: P > max

We already know that an American put must sell for more than zero and for more than K—S§
(Proposition VII). In proving parts Propositions Xc and Xd, the arbitrageur wouid exercise the put
an instant after the stock trades ex-dividend. To facilitate understanding of the proof, we will use
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the notation #1+¢€ to denote “an instant after the ex-dividend time.” In practice, it refers to the
opening of trading on the ex-day. There is no difference, however, between the present value of $1
received at time t1, and $1 received at time ¢1+¢€ because € is “an instant.”

Proof of proposition Xc proceeds as follows.

What if P<K(1+r"=S+DI1(1+r)"

Then P-K(1+r) "+S-D1(1+r) "' <0
Or ~P+K(1+r) " =S+DI1(1+r""'>0
At Time ¢1 + € (exercise the put

Today At Time¢1 and deliver the shares owned)
Buy put -P +K
Borrow +K(1+n)" -K
Buy stock -S + D1(actual)
Borrow +DI+n™""  -D1

>0 >0 0

If the put has any time value at time t1+€, it will be better to sell the put, sell the stock, and
repay the loan principal of K (verify this for two cases: if the put at time 1 +¢ is in the money and
if it is out of the money). This would still generate additional cash inflows.

The proof of Proposition Xd is essentially identical to that of Xc and is left as an exercise. The
arbitrageur would exercise the put at time 12+ ¢, an instant after the second ex-dividend date.

Any of tk.e three lower bounds Proposition (Xb, Xc, or Xd) may apply for an in-the-money
put. Consider n¢ “ollowing three-part example:

S=20

K=30

t1 =first ex-dividend date =1 month=0.08333 year

2 =second ex-dividend date =4 months=0.3333 year

r=10%/year
Case I: D1=D2=smallest dividend amount at times ¢1 and 2=1.0
Case II: D1=D2=smallest dividend amount at times ¢1 and 12=0.3
Case III: D1=D2 =smallest dividend amount at times ¢1 and 2=0.1

Given that P must exceed zero and must be equal to or exceed the maximum of the values com-
puted in Xb, Xc, and Xd above, we have:

For Case I:
P > max[0,30 - 20, 30(1.1)™%9833 _20 4 1(1.1)"09833,
30(1. 17 220+ 1(L.1) 0% 4 1(1.1)¥3) (Xd is boundary)
= P> max[0, 10, 10.7548, 11.0227] = P 2 11.0227
For Case II:
P > max[0,30 — 20, 30(1.1) ™% _ 20+ 0.3(1.1) 00833,
30011733 ~20+0.3(1. )% 4 0.3(1.1)%3% (Xc is boundary)

= P 2 max[0,10,10.0603,9.6501] = P > 10.0603
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For Case I1I:

P 2 max[0,30 - 20, 30(1.1) % 20 +0.1(1.1) %,

30(1.1)7%3 — 204 0.1(1.1) ™08 1 0.1(1.1)793333] (Xd is boundary)
= P> max[0,10,9.8619,9.25801 = P > 10

Now, suppose that the conditions cited in Case I held, and a put expiring in five months sold
for 10.50. An arbitrageur could buy the stock and buy the put, for an initial cash outlay of 30.50.
He can borrow that amount for four months (because he plans on exercising immediately after
receiving the second dividend), agreeing to repay [30.5(1.1)**** =] $31.485 at time 2+¢. Thus,
there is no initial cash outlay required for the arbitrage. At time ¢1, he would receive the first divi-
dend of $1 and invest it to earn 10% for three months. On the option’s expiration day, this will be
worth [1(1.1)*% =] $1.024. At time 12, he will receive another dollar in dividends, and immedi-
ately thereafter, he will exercise the put and receive the strike price of 30. His outflow at time 12 +¢
is the repayment of the initial loan principal, and interest of $31.485. However, he will also have
three sources of cash inflows at time 2 +€: the strike price from exercising the put ($30), the first
dividend and interest earned on it ($1.024), and the second dividend ($1), for a total cash inflow of
$32.024. Thus, there is an arbitrage opportunity. If the stock price were to rise above $30/share by
time 2+¢, even more profits would be earned. Likewise, if dividend payments are actually. more
than $1/share at times 1 or £2, the arbitrage profits will increase.”

16.3.4 Early Exercise of American Puts

Frequently, it is optimal for owners of in-the-money American puts to exercise their options early.
Consider the decision facing the owner of an in-the-money put who is also very bearish. He
believes with certainty (i.e., probability = 1.0) that the expiration day stock price will be below the
strike price. Suppose the put is selling for its intrinsic value, K - S. The investor has three possible
courses of action: he can hold, sell, or exercise the option. Clearly, holding the put option for
another day is an inferior strategy in comparison to exercising. By exercising, the investor receives
$K today, and he can immediately invest it to earn interest. By waiting one day, or waiting until the
expiration day, he is forgoing interest that could be earned on the $K.

Now, all we have to do is add the assumption that all investors agree that there is no chance
that the put will finish out of the money. In that case, no one would ever want to buy the put for
K-S and hold it. The put essentially becomes a “hot potato.” In other words, an investor may be
unable, at certain times, to sell a deep in-the-money American put for its intrinsic value.'°

In Chapter 17 (Section 17.4), we will use the binomial option pricing model to demonstrate
that an investor can frequently use stocks and bonds to replicate a deep in-the-money American
put at a cost less than the price of the American put. In other words, an investor could arbitrage by
exercising an American put (realizing its intrinsic value of K— ), and then proceeding to create an
equivalent put for a cost less than K—S.

Summarizing, early exercise of American puts will be more likely:

* The higher the strike price
* The lower the stock price

* The higher the interest rates
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¢ The smaller the time value
* The more deeply the put is in the money

Dividends will tend to reduce the likelihood of early exercise.'' One reason is that dividends
may increase the lower bound of American put prices (see Section 16.3.3.2). Thus, ex-dividend
dates might create more time value for a put. Moreover, even the bearish owner of both a put and
the underlying stock (a protective put) might decide to wait to receive the next dividend before
exercising his put. If the present value of the next dividend exceeds the present value of the
interest that could be earned on $K between today and the ex-date, en investor might decide not to
exercise early but to wait for the dividend.

Even an American put with time value could be exercised early. Exercising early does destroy
the put’s time value. But the interest earned on 3K (more accurately, the interest earned on the pre-
sent value of $K) could exceed the time value that is killed if it is exercised early. Thus, the fol-
lowing statement can be made:

An in-the-money American put can rationally be exercised at almost any time before expiration.

16.4 Put-CALL PARITY

Put—call parity establishes a no-arbitrage pricing condition between a call and a put premium. This
pricing boundary of a call relative to a put on the same stock requires that both options have the
same strike price and time to expiration. Put—call parity also has importance in obtaining an exact
European put option pricing model in subsequent chapters and provides, as well, some insights
into certain attributes of options. Although put—call parity has long been known to option traders,
Stoll (1969) formalized its proof. In this section, all the assumptions previously made on the first
page of this chapter still 2pply. -

16.4.1 European Options; No Dividends

The most basic put-call parity proposition applies to European puts and calls on stocks that will
pay no dividends before option expiration. In words, the difference between the price of a call and
a price of a put on the same stock, with the same strike price and time to expiration, equals the
price of the underlying asset minus the present value of the strike price. That is:

Proposition XI: C-P=S-K(1+r T
We divide the proof into parts A and B.

PartA
Whatif  C-P>S~K(1+r) "
Then C-P-S+K(1+n7">0
At Expiration

Today Sr<K Sr>K
Sell call +C 0 —(Sr—-K)
Buy put -P +(K-S7) 0
Buy stock -S +Sr +Sr
Borrow +K(1 +r)"T -K -K

>0 0 0
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Part A of the proof illustrates a conversion trade. In a conversion, an arbitrageur exploits the
violation of the put—call parity reladonship by buying the stock, selling the overpriced call, buying
the underpriced put, and borrowing. However, quite often no money is borrowed. Instead, the
arbitrageur realizes a riskless rate of return in excess of what can be earned on other riskless
investments.

Part B
What if C-P<S-K(1+n7T
Then C-P-S+K(1+ry7<0
Or —C+P+S5-K(1+r"7>0
At Expiration
Today Sr<K Sr>K
Buy call -C 0 +(Sr—K)
Sell put +P -(K-S;) 0
Sell stock +S -5 -Sr
Lend —-K(1+n) 7 +K +K
>0 0 0

Part B of the proof illustrates a reverse conversion, or reversal trade. In this part of the proof,
we assume that the arbitrageur receives full use of the proceeds of the short sale. However, most
individuals will not have this advantage. However, “quasi-arbitrageurs” already own the stock, and
they have the ability to sell the stock and receive the proceeds.

There is some additional useful discussion of Proposition XI. First, arrange it to read:

—-C=-S-P+K(1+n7T
buy call = buy stock + buy put + borrow K(1+ T
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EXAMPLE 16.5 - Suppose an Apnl 45 Dell Computer call sells for 42 7fa. the Apr

put is at 2 7/s, and Dell stock price is 47. Assume that the riskless interes! %1y
and that there are 39 days to expiration (i.e., 0. 10685 year) Do thes : :optton pﬁces ,
put—call parity? From Proposition XI we write: o o :

C-P=S-KQ@+nrT .
4.875-2875=47-45(1.06) %1%
2<2287. '

This is close, but not exact. The violation of Proposition XI signals that the call is

“cheap” relative to the put. Thus, the arbitrage trades are to buy the call, write the put, sell

the stock, and lend the proceeds. However, the following conditions are essential; (1)
these must be European options; or (2) it must be known that Dell Computer will payno
dividends in the next 39 days. To conditions 1 or 2 we add two others: (3) we-were sure
that we could trade at these prices, and (4) we could cover all trading costs (whew!).
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You may have heard that a cali option has properties similar to a levered purchase of stock (i.e.,
buying stock on margin). For example, consider two alternatives: (a) buy a call on 100 shares for
$300, or (b) buy 100 shares of stock for $30/share by borrowing $2400 from your broker and
investing $600 of your own money. Now, what would happen if the very next day, the stock rose to
$31/share? The value of a typical at-the-money call might rise to $350, which represents a
16.667% rate of return (note that the stock itself rose only 3.333%). Under alternative (b), the
investor would repay the loan to the broker. Ignoring the one day of interest, the investor is left
with ($3100—-3%$2400=) $700. Thus, the investor has also earned a return of 16.667% [(700—
600)/600]. This example illustrates that a call purchase has similar characteristics to a levered pur-
chase of the underlying asset.'?

However, the call owner also effectively owns a put. The put gives the call owner limited lia-
bility. If the price of the underlying asset were to fall below the strike price, and finish out of the
money, the call owner would not lose any additional capital beyond what he originally paid for the
call. This is unlike the levered equity position, where the investor could lose more than the initial
investment of $600 if the stock price were to decline below $24/share.

A second interesting result is obtained by studying put—call parity in the form C-P=
S—K(1+ry 7. For an interest rate r=0, this equation reduces to C— P =S - K. However, for posi-
tive interest rates, the value of an at-the-money call will always exceed the value of a put if the two
European options are on the same underlying asset and have the same K and T, and there are no
dividends to be paid prior to expiration.

A third implication of the basic put—call parity proposition is that floor traders and other
exchange members (who have low transactions costs) can use the principles behind put—call parity
to create their own puts. Before June 1977, there were no exchange-traded put options. Thus, put
positions had to be used to create conversions and reversals. At times it may be cheaper to repli-
cate an option via a conversion or reversal than by buying or selling the actual option.

Finally, there is an implication from put—call parity for the role of market expectations in
determining option values. When investors are bullish, one would intuitively expect call values
to rise. Similarly, you might expect put values to rise if investors are bearish. Under the perfect
market conditions used to derive put—call parity, market expectations cannot influence option
values. Even if investors were wildly bullish about the prospects for the underlying stock, C—P
must equal S—K(1+r)"". That is, given S, K, r, and T, there is an explicit relationship between
European call and put values that must exist, regardless of market exnectations. Note, however,
that investors’ bullish or bearish beliefs will influence S. But, given S, C cannot rise or fall rela-
tive to P.

In subsequent put—call parity propositions we introduce unknown dividends and/or American
options. In these cases, boundaries are created within which C— P can lie without permitting arbi-
trage. Within these boundaries, call prices can rise somewhat relative to put prices when investors
are bullish, and put prices can rise somewhat rise relative to call prices when investors are bearish.
The term “somewhat” is used because there are still put—call pricing restrictions even for options
of these types.

16.4.2 European Options on Stocks That Pay Unknown
Dividends

If the cash flows of the underlying assets are unknown, put—call parity becomes an inequality, and
option prices can lie within a range of values that would preclude arbitrage.
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S-DIA+ry" D2+ 2 -K1+r)T>C-P
>S-DI1+r) " -D20+r™" -K1+r)T

Proposition XII:

In Proposition XII, D1 and D2 are the smallest dividends the arbitrageur believes possible
at times 1 and 2. D1 and D2 are the largest dividends possible at those dates.'? The present
values of the smallest dividend amounts possible are subtracted from the price of the underlying
asset on the left-hand side (LHS) of the inequality, while the present values of the largest possible
dividends are subtracted from the price of the underlying asset on the right-hand side (RHS).
You are encouraged to prove the RHS. The proof of the LHS proceeds as follows:

What if S-DI1(1+ry "' =D2(1+r) ?-K(1+r) "<C-P

Then S-DI(1+ry"-D2(1+r) % =K(1+r) T=C+P<0
Or —S+DI+r) " +D2(1+N 2+K(1+r)" T+C-P>0
At Expiration
Today Time 1 Time 12 Sr<K Sr>K
Buy stock -S§ +Dl(actual)  +D2(actual) +S7 +Sr
Borrow +D11+r" =DI1
Borrow +D2(1+r)° -D2
Borrow +K(1+r T -K -K
Sell call +C 0 -(8S7—K)
Buy put -P +(K-8Sp) O
>0 >0 >0 0 0

Note that the borrowings include the present value of the smallest dividend believed possible
at the farthest ex-dividend dates believed possible. In proving the RHS of Proposition XII, one
lends the present vatue of the largest dividend believed possible at the nearest ex-dates believed
possible.

16.4.3 American Options on Non-Dividend-Paying Stocks

For American options, put—call parity pricing restrictions become wider, and the proofs become
more complicated, since either a put or a call must always be written (and thus exposed to possi-
ble early exercise). If a call is written on a stock that does not pay dividends, or if the stock will not
trade ex-dividend before the options’ expiration date, early exercise is not a factor (under our
assumptions). But early exercise of in-the-money American puts is always a possibility, and the
arbitrage proofs must account for this when the put is written (see the proof of the RHS of Propo-
sition XIII shortly).

Proposition XIII:  S—K(1+r) 7>C-P>S-K
Proof of the LHS of Proposition XIII proceeds as follows:
What if S-K(1+) '<C-P
Then S—-K(1+rn "-C+P<0
Or ~S+K(1+ry"+C-P>0
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At Expiration
Today Sr<K Sr>K
Buy stock -S +S7 +Sr
Borrow +K(1+ T -
Write call +C 0 -Sr—K)
Buy put -P +(K-S7) 0
>0 0 0

Because there are no dividends, we do not have to guard against the possibility of the call’s
early exercise. However, this possibility cannot be ignored in the following proof of the RHS of

Proposition XIIIL.
What if C-P<S-K
Then C-P-5S+K<0
Or -C+P+S5-K>0
At Expiration (if the put
If the Put Could Be was not assigned earlier)
Today Assigned Before T Sr<K Sr>K
Buy call ~C  +Time value (if any)"* 0 +(Sr—K)
Sell put +P Assigned: long stock; pay K~ —(K-57) 0
Sell stock +8§ The short position offsets -8 -Sr
the long position
Lend —-K  +K+interest +K+interest + K+ interest
>0 20 >0 >0

The key feature to the proof of the RHS is to guard against the possibility that the stock could
plummet in value the day after the arbitrage transactions are made. In this proof, at the very least,
the arbitrageur will earn one day’s interest if the put is exercised early one day after the initial
trades. This guarantees that there will never be a cash outflow at any date.

Note that is important that the loan of $X be made only on an overnight basis and be renewed
daily. Otherwise, if the stock should plummet at the same time that interest rates soared, the call
might be worthless if the put were exercised early, and the value of the loan might be less than $K.
For example, suppose that the arbitrage requires a loan of K=$40 and that this is made for a period
of T=30 days at an annual rate of 10%. The loan contract stipulates that 40(1.1)0'08219=40.3146
will be repaid one month hence. Then, the next day, interest rates rise to an annual rate of 12% and
the put is assigned. When trying to sell the loan contract, the arbitrageur will find that other
investors who will be willing to pay only the present value of $40.3146, at the prevailing interest
rate of 12%. With 29 days remaining, the selling value is then only 40.3146(1.1 2)0:07943
=%$39.9532. If the call was worthless, the cash flow on the early exercise date would be negative.
By lending one day at a time, positive interest will always be earned.



16.4 PUT-CALL PARITY

16.4.4 American Options on Stocks That Pay Unknown

Dividends

To enforce the following proposition, arbitrageurs must be sure that nonnegative cash flows are

earned at all times, including those just before and after any ex-dividend dates. In performing a

conversion, a written call could be exercised just before any ex-dates. If the arbitrageur performs a

reversal, then the written put can be assigned anytime (as early as “tomorrow”). To make the proof

of proposition XIV easier, we will assume that only one ex-dividend day exists prior to the

options’ expiration date. '
Proposition XIV: S—K(i+nT>2C-P2S-Did+r"'-K

Proof of the LHS of Proposition XIV proceeds as follows:

What if S—-K(1+rT<Cc-P
Then S—K(1+rT-C+P<0
Or -S+K(1+r"T+C-P>0
At Time ¢1 the Call If the Call Is Not
Today Could Be Assigned Assigned Early at ¢1
Buy stock -8 Deliver stock to the +Dl1
exerciser of the call
Borrow +K(1+rT  —K(1+r) T —interest
Sell call +C +K
Buy put -P + Time value (if any)
>0 >0 >0

If the call is exercised an instant before the first ex-dividend date, time ¢1, the arbitrageur
deiivers the stock and receives payment of $K. The receipt of $K is sufficient to pay off the loan
plus interest on the loan. The put is sold if it has any value. If the call is not assigned early, the arbi-
trageur receives the dividend.'®

If the call is not exercised at time ¢1, and if there is only one ex-dividend day, only the
expiration day needs to be considered to complete the proof. This was done for the LHS of Propo-

sition XIV. Thus, the LHS of Proposition XIV is complete, and we present the proof of the RHS.
Whatif C-P<S-DI(+r)"-K

Then C-P-S+DI(1+r) " +K<0

Or ~C+P+85-DI(+ry""~K>0
C))
n 2 3 If the Put Has
The Put Could If the Put Is Not The Put Could Be Not Been Assigned
Be Assigned Assigned at Assigned After by Time T
Today Before 11 Time £1 t1 but BeforeT Syr<K S;>K
Buycall -C +Time value +Time value 0 +(Sr—K)
(if any) (if any)
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Sell +P Put assigned: Put assigned:
put acquire stock acquire

and pay K stock and pay K - (K-Sy) 0
Sell +S§ Long position —DI(actual) Long position -Sr -Sr
stock offsets short offsets short

position position

Lend —DI1+n™ +Di(1+r)™" +D1

+interest
Lend -K + K + interest + K +interest +K+int +K+int

>0 >0 >0 >0 >0 >0

EXAMPLE 16.6 Conmder the follcwmg actual market data for GM at 3 PM. on

e ,pebmaxy 15, 2000:

: 8*74 ‘lz ‘
fKa-?S .
 C=9 for the Sept 75 call
P=8%, for the Sept 75 put
r=6% per year
T=221 days =0.6055 year

-~ K(1+9" T=75(1.06) 9%%5=72 40

The last ex-dividend date was on February 7 2000 and the dividend amount was $0.50

_per share. Thus the arbltrageur nnght assume:

| D2(1 06) %% — 05828
- When there are two ex~d1v1dend days prior to expiranon, Proposmon XIV states that:

S-KA+nT2C-P28-Dig+n™ -DIA+ry?~K
74.5~72429~8.75274.5-0.5422 - 0.5828 - 75
: 2120252 ~1.625

As you can see, when dividends are substantial, and the American options have a
long time to expiration, the put-call parity pricing restriction is not very strong. Look
closely at Proposition XIV. As the dividends are paid off, and as T shrinks; the range of

prices implied by the proposition will shrink. Here, market expectations will likely affect
_ option values. If investors are bullish, we might observe C—P to be about 2.1. If investors
~ are bearish, we might see C-P to be about —1.625.




16.5 BOX SPREADS USING EUROPEAN OPTIONS

The put, if it is in the money, could be exercised as early as tomerrow. Even if the call is worth-
less tomorrow, the arbitrageur still will earn one day’s interest on the two loans made. This is demon-
strated in column (1). If the put is not exercised before the next ex-dividend date, the arbitrageur pays
the actual dividend due on the short sale of stock, but receives D1. Then there is a nonnegative
cash flow at time 71, as shown in column 2.

Then, the arbitrageur must ask, What if the written put is assigned after time 1, but before
expiration? As shown in column 3, he is again assured of a positive cash inflow. Finally, column 4
presents the positive cash flows the arbitrageur receives if the written put is never assigned before
it expires. This completes the proof of Proposition XIV.

The arbitrageur could take some risks (though by definition, he would no longer be an arbi-
trageur), and narrow the bounds he believes should exist around put and call prices. For example,
he might assess the probability of early exercise of the call at time #1 to be so small that it can be
safely ignored. Or he might believe there is little probability that the stock will fall so much that
the put will be exercised in the next month. These assumptions will narrow the bounds implied by
American put—all parity on stocks paying unknown dividends.'”

16.5 Box SPReADS UsING EUROPEAN OPTIONS

From Proposition X1, we know C—P=S—-K(1+r)"". Given the price of an underlying security,
Proposition X1 holds for all put—call pairs with the same time to expiration. As such, define C(K1)
and P(K1) as a call and a put with a low strike price, K1. Further, define C(K2) and P(K2) as a call
and a put with a higher strike price, K2. Thus,

C(K)-P(K)=S-KI1(1+r) T (16.8)
and
C(K2)- P(K2)=S—K2(1+r)T . (169)
Subtracting Equation (16.9) from Equation (16.8) yields:
C(K1)~ C(K2)~ P(K1)+ P(K2) = (K2 - K)(1+ )T (16.10)

Note that the stock price does not appear in (16.10). To prove that equation (16.10) must hold, we
proceed with a two-part proof.'®

Whatif  C(K1)-C(K2)—P(K1)+P(K2)>(K2-K1)(1+r) "
Then C(K1)-C(K2)-P(K1)+ P(K2)— (K2~ KD)(1+r) T>0

At Expiration
Today Sr<K1 K1<S;<K2 K2<S,
Sell call +C(K1) 0 -(S;7—K1) —(Sy—K1)
Buy call - C(K2) 0 0 +(S7—K2)

Buy put —-P(K1) +(K1-Sp) 0 0
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Sell put  + P(K2) —(K2-S§,) —(K2-S;) 0
Lend —(K2-KD(1+r) 7 +(K2-K1) +(K2-K1) +(K2-K1)
>0 0 0 0

The four option positions and lending today generates a cash inflow. This is because the call
with the lower strike price, K1, will have more intrinsic value than a cali with the higher strike
price, K2. Therefore, the call with the lower strike price is more valuable. Similerly, the put with
the higher strike price, K2, will be more valuable than the put with the lower strike price. In the
end-of-chapter problems, you are asked to prove these two relationships.

Note that the underlying stock price does not appear in Equation (16.10). In words, Equation
(16.10) says that a risk-free asset is created by selling a call with strike K1, buying a call with
strike K2, buying a put with strike K1, and selling a put with strike X2.'” This option combination
is known as a “‘short box spread.” One lends risklessly by purchasing a call with strike K1, selling
a call with strike K2, selling a put with strike K1, and buying a put with strike K2. This position is
known as a “long box spread.” The box spread is a popular and convenient way for option tradcrs
to borrow and lend through the options markets.

16.6 SUMMARY

In this chapter, we established certain relationships concerning the pricing of calls relative to the
underlying stock price, relative to time to expiration, and relative to the calls’ strike prices. Then,
analogous boundary relationships were derived for puts.

By mastering the techniques for deriving the propositions, you should now be able to under-
stand the process of arbitrage. If markets are working well, there should not be any arbitrage
opportunities. However, some investors, such as traders on the floors of the different exchanges,
have such low transactions costs that they can buy at the bid price and seli at the asked price, hence
they may be able to arbitrage. Arbitrage is the price-setting mechanism in options markets as well
as in the financial futures markets.

From these pricing restrictions, we were also able to establish that an American call on a non-
dividend-paying stock would never be exercised early. The only time an American call would be
exercised early is on the day before the stock trades ex-dividend. On the other hand, in-the-money
American puts could frequently be exercised early.

Finally, we established put—call parity, which creates no-arbitrage pricing relationships
between puts and calls. The propositions differ, depending on whether the options are American or
European, and on whether the underlying asset will have a cash distribution such as a dividend
prior to the options’ expiration.
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Notes

IMany of the results of this chapter were originally stated in Merton (1973). Further development occurred in Cox
and Rubinstein (1985, Chapter 4) and Jarrow and Rudd (1983, Chapters 4--6).

ZNote that there arbitrageurs who own the stock prior to the arbitrage trades might exist. Rather than selling the
stock short, they can just sell the stock they own. For them, seiling actually does yield full use of the proceeds from
the required sale. Somretimes this is referred to as “quasi-arbitrage.” Quasi-arbitrageurs switch one investment for
another that dominates the original.

3The terms “exercised” and “assigned” are used interchangeably in this book. However, “assigned” usually refers to
what is experienced by the option writer. The option owner exercises her option. The writer is assigned the exercise.

“4Floor traders frequently exploit violations of Proposition II' when there is only a short time to expiration. Their bid
prices will often be /g or !/4 below the intrinsic values of in-the-money options.

SWhenever long-term capital gains are taxed at a lower marginal rate than short-term capital gains, investors must
consider the trade-offs of a realizing a certain short-term capital gain versus holding onto a risky investment to
(hopefully) realize a long-term capital gain because the latter would be taxed at a lower rate. If an investor exercises
a call, the holding period for the stock begins on the day after the exercise date. Thus, in early December, an investor
might have a large unrealized profit on a call that expires in December. If she sells it, she would have to pay taxes
on the profit at her high marginal tax rate. However, if she was still bullish on the stock, she might exercise it and
(a) defer he taxes on the profit until the following year, and (b) by holding the stock for the required period (perhaps
six months or a year), possibly stretch the short-term gain into a long-term gain. By exercising the call early, the
investor would begin the holding period earlier.

61f there were two ex-days the proposition would read:
C>max[0,S— DI +r) " ~D2(0+r) " K1+ 7"].

DT is the greatest dividend that will be paid at the next ex-date, and D2 is the maximum dividend at the follow-
ing ex-date. In effect, think of stock value as consisting of two components: the present velue of dividends that will
be paid between today and the option’s expiration date, and the present value of all dividends subsequent to the
expiration date. When you buy a European call, you are buying a call on the latter only. Thus, in setting the arbitrage
boundary, the dividends that are to be paid prior to expiration are subtracted from the stock’s current value.
7See Smith (1976, pp. 13—14) and Roll (1977) for additional discussion on the early exercise of American calls on
dividend-paying stocks.
8For the case of two dividends, Proposition IX would be as follows:

P2max[0,K(+r)T ~S+DI(1+r)™" + D2(1+ )]

9The example presented in this paragraph is different from the methods of the proofs in that a zero cash flow at time
zero, and time 1, is achieved, and the arbitrage profit is realized at time 2. The setup could have been presented just
as easily to realize the profit at the initiation of the trades by borrowing the present values of the dividends and also
borrowing the present value of the strike price; you are encouraged to work it out in this way, too. '

19Market makers will buy the deep in-the-money American puts, but only at bid prices below intrinsic value; they
will then earn arbitrage profits.
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1This is demonstrated by Geske and Shastri (1985).

121 everage is a double-edged sword. If the stock price was to decline to $29/share,which is a mere 3.33% decline
in value, both the call owner and the buyer of stock on margin would suffer much greater percentage declines in
wealth.

131f the underlying asset is paying a known dividend amount, Proposition X1 collapses to be C—P=S-D1(1+r)~"' -
D2(1+r) 2 -K(1+r1) T You are also encouraged to prove this version of the proposition.

14The put will be exercised early only if it is in the money. Thus the call will not have any intrinsic value.

131f the underlying asset pays a known dividend, then Proposition XIV becomes S—K(141) '2C~-P2S§-
PV(divs)- K, and PV(divs)=present value of all dividends that will be paid prior to the options’ expiration day.
16]f there were two dividends, the same logic would apply on day 2. Should the written call be assigned early,
the receipt of $K still will suffice to repay the loan plus interest.

17Hf interest rates are known at every date, the bounds for American put—call parity can be narrowed. See Jarrow and
Rudd (1983, pp. 72-75).

" 18part B of the proof simply reverses all the option positions and includes borrowings. We leave this as an exercise

for the reader.

190ne can also begin this proof by using Proposition XII. You are encouraged to do so.

PROBLEMS

16.1 Suppose there is only one ex-dividend
date between today and the expiration day of a
call. State Proposition I'V.

16.2 Suppose there are three ex-dividend
dates between today and the expiration day of
a call. State Proposition IV.

16.3 Prove Proposition I'Vc.
16.4 Prove Proposition Xd.

16.5 Discuss the factors that increase the
likelihood that an American put will be exer-
cised early.

16.6 Discuss the factors that increase the
likelihood that an American call will be exer-
cised early.

16.7 Why should an American call never be
exercised early, except perhaps just before it
trades ex-dividend?

16.8 Given the following data, what is the
lowest price of an American call?

S§=55

K=50

T=3 months

r=10%/year

The next ex-dividend date will be two months

hence. You have established the following
probabilities for the dividend amount:

Probability Dividend Amount
0.01 $0.15
0.10 $0.17
0.50 $0.19
0.38 $0.21
0.0t $0.23

16.9 Assume that S=44, and use all the
other data in Problem 16.8. Compute the low-
est value of an American put.

16.10 Given the following information,
should the call be exercised early?

S$=60

K=50
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C=10
T=2 months
r=10%/year

The stock will trade ex-dividend tomorrow.
The dividend amount will be $1/share. You
believe that the stock price will decline by the
dividend amount.

16.11 Is the following statement true, false,
or uncertain? “The time value of any American
option is never negative. The time value of a
European option might be negative.” Provide
an explanation for your answer.

16.12 Discuss why an American put will
increase in value the longer the time to expira-
tion, but a European put can increase or decrease
in value as time to expiration lengthens.

16.13 Suppose you are completely indiffer-
ent between exercising early a call that
you own and holding onto it for another
day. Tomorrow, the underlying stock trades
ex-dividend. You are fully knowledgeable
about when, if at all, to rationally exercise your
call. Then, you receive new information: inter-
est rates have just sharply risen. Given that you
were previously indifferent about exercising
your call early, and now, interest rates are
higher than they were before, would the inter-
est rate rise cause you to exercise early, or to
hold onto the call for another day? Explain
your answer.

16.14 Suppose that on February 2, 2001,
227 Corp. common stock closes at 39.40, and
the April 45 put option on ZZZ closes at 5.50.
You believe that ZZZ will trade ex-dividend on
March 21. Also, you have formed the follow-
ing probabilities concerning the possible divi-
dend amounts:

Probability Amount per Share
0.01 $0.10
0.80 $0.30
0.18 $0.32
0.01 $0.35

Assume that the riskless interest rate is 8%. Do
the April 45 ZZZ puts violate Proposition X?

16.15 Today is the last with-dividend day for
the common stock of Miss Molly’s Buggy-
whips (MMB). Today’s stock price is $47/share.
Tomorrow, MMB trades ex-dividend. The divi-
dend that will be paid is one dollar. On the
ex-dividend day, you expect MMB’s stock
price to decline by the dividend amount.

You own a call option with a strike price
of 40. It has two months until expiration. The
riskless interest rate is 10%/year.

a. If the call is selling at its lower bound
today, what is its premium?

b. If you expect the call to sell at its lower
bound tomorrow, what will be its pre-
mium tomorrow?

¢. Based on your answers to parts a and b,
is it rational and optimal fer you to
exercise your all? Why or why not?

16.16 Suppose S=40 and r=10%/year. The
stock pays no dividends. A European call with
a strike of 40 and time to expiration of 6
months sells for 7. A European put.with the
same K and T sells for 4. What riskless rate of
return can an investor realize over the six-
month period by writing the call, buying the
put, and buying the stock?

16.17 Prepare a profit diagram for each of
the following two strategies: (a) buy a put with
a strike price of 45 and (b) buy a call with a
strike of 45 and sell 100 shares of the stock
short. The put is selling for 3.8, the call is
selling for 1.5, and the stock sells for 42.5.
Discuss the similarities and the differences
between the two profit diagrams.

16.18 Define C(T1) as a call expiring at
nearby date T1, and C(T2) as a call expiring at
a more distant date, 72. C(T'1) and C(T'2) have
the same underlying asset and the same strike
price. If the underlying asset will not trade
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ex-dividend before time T2, or if the calls are
American, prove that C(T2)>C(T1). To get
you started on this question:

Whatif  C(T2)<C(T1)
Then C(T2)-C(T1)<0
Or ~C(T2)+C(TH>0

a. Assume that at any date before the first
expiration date, T1, the nearby Ameri-
can call could be assigned. Today, you
would buy C(72) and sell C(T1). What
trades do you make if you are assigned
c(T1)?

b. Assume that the first expiration date,
T1, comes and goes but the nearby
American call was not assigned. What
trades do you make at 727

¢. Now, define P(T1) as the price of an
American put expiring at nearby time
T1 and P(T2) as the price of a put
expiring at a more distant date T2.
Each put has the same underlying asset
and the same strike price. Prove that
P(T2)zP(T1). In your proof, make
sure you account for the possibility that
a put could be assigned.

16.19  Suppose:

S5=20

K=20
T1=expiration date for nearby call =2 months
T2 =expiration date for distant call =5 months
t1 =next ex-dividend date =3 months

Under what conditions would it be possible for
the short-term European call to sell for more
than a longer term European call? How about
European puts? Can a long-term European put
sell for less than an otherwise identical Euro-
pean put with less time to expiration?

16.20 Define C(K1) as an American call with
a low strike price K1, and C(K2) as an Ameri-
can call with a higher strike price K2. Each call

has the same underlying asset and the same
time to expiration. Prove that C(K1)2C(K2).
To get you started:

What if C(K1)<C(K2)
Then C(K1)-C(K2)<0
Or -C(KH)+C(K2)>0

a. As an additional hint, today you would
buy C(K1) and sell C(K2). Assume that
the written American call could be
assigned at any date before the expira-
tion date. What trades do you make if
you are assigned C(K2)?

b. Assume that the expiration date comes
and goes, but the written American call
was not assigned. What trades do you
make at expiration?

¢. Suppose the calls are European. Can
you still prove that C(K1) 2 C(K2)?

d. Suppose the stock pays dividends. Can
you still prove that C(K1) 2 C(K2)?

e. Now, define P(K1) as an American put
with a low strike price K1, and P(K2)
as an American put with a higher strike
price K2. Each put has the same under-
lying asset and the same time to expira-
tion. Prove that P(K2)2>P(K1). In your
proof, make sure you account for the
possibility that a put could be assigned.

16.21 Consider an American put with a
strike price of 65. The price of the put is 4. The
price of the underlying asset is 60. Which of
the following would you do to arbitrage?

a. Buy the put, buy the underlying asset,
exercise the put.

b. Buy the put, sell the underlying asset,
exercise the put.

¢. Sell the put, buy the underlying asset,
exercise the put.

d. Sell the put, sell the underlying asset,
exercise the put.



CHAPTER 17
The Binomial Option Pricing Model

At expiration, we know that an option is worth its intrinsic value. Thus, at expiration, an option’s
intrinsic value serves as an exact option pricing model. However, it is also important to be- able to
value options before expiration. While the put—call parity relationship does generate put and call
option price boundaries before expiration, an important condition of the put—call parity relation-

. ship is that a put price must be known before a call price can be generated. Thus, although put—call
parity and other pricing bounds shown in Chapter 16 narrowed the range of possible option prices,
we still do not have a model that provides an exact option price before expiration. '

In this chapter, we derive a model that provides an exact option price before expiration. This
model is called the binomial option pricing model (BOPM). One of the advantages of this particu-
lar model is its flexibility.! The binomial option pricing model can be used to value complex options
of many types, including American puts, American calls on dividend-paying stocks, options on debt
instruments and interest rates, and exotic options. It can also accommodate changing conditions
over time. For example, if interest rates are believed likely to change during the life of the option, or
if the volatility of the underlying asset is believed likely to change, the BOPM can handle these
situations quite easily. Even more, the BOPM can account for different assumed stock price
movement processes, such as one in which the variance of the stock’s returns is greater at lower
price levels (constant elasticity of variance), or if there is a probability of a “jumip” (a discontinuity,
perhaps due to a possible tender offer for the stock) in the stock’s price at each date.?

Studying the BOPM in detail also allows us to achieve additional understanding of several
aspects of options that we have already learned. For example, the BOPM clarifies conditions under
which options will be exercised early. Moreover, it validates the concept that buying a call is like
buying stock and borrowing, and the concept that buying a put is like selling stock short and
lending. The idea that options can be replicated with portfolios of stocks and bonds, which has
revolutionized the field of finance, permits institutions to hedge their option portfolios: Option
replication gave rise to the portfolio insurance industry that had an estimated size of $80 billion in
September 1987 and has even been blamed for the stock market crash of October 1987.3 Finally,
under certain assumptions, the BOPM can be shown to converge to several different option pricing
models. These include the Black-Scholes option pricing model (BSOPM), which is the most
widely used option pricing model, and the subject of the next chapter.

17.1 AQuiz

Before beginning with the details of the BOPM, take about 30 minutes and answer the following
questions. Doing so will make the subsequent material easier to follow. The answers are at the end
of the quiz, but try to work through the questions independently.
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Consider a European call option on a stock. The call has one period (say one month) until
expiration. The current stock price, Sy, is $40. At the expiration date, time T, the stock will sell
for one of only two possible prices: either Sz, = $50, or for S7, = $35. The strike price is $45.

1. If the stock rises to $50 on the expiration date, what is the price of the call option? If
St = (1+u)Sy_y, then u is the rate of return on the stock if there is an uptick. What is the
value of u?

2. If the stock falls to $35 at time T, what will the call be worth at that time? If §7. ,=(1+d) x
S7-1, what is the value of d?

As will soon be discussed, we can create a levered portfolio (consisting of a long position in
stock, financed in part by borrowed funds) that will duplicate the payoffs of the call. Suppose the
riskless interest rate is r =1% per period (e.g., 1% per month) and that investors can borrow and
lend at that rate. Consider a portfolio, created at time T—1, consisting of a third of a share of stock
and $11.551155 in borrowed funds. This is a levered portfolio financed at the riskless interest rate.

3. If the stock were to rise to $50, how much would the levered portfolio be worth at time 7?
Be sure to pay the interest on the borrowed funds.

4. If the stock were to fall to $35 at time T, what would the levered portfolio be worth?

Your answers to 3 and 4 should be identical to-the call values you computed in 1 and 2. The
call offers the exact same payoffs (at time 7)) as the levered portfolio. Therefore, at time T— 1, the
call should sell for the same price as the amount invested in the levered portfolio. If it did not, all
investors would buy the cheaper assets and sell short the more expensive ones.

5. How much of the investor’s money was invested in the levered portfolio at time 7— 1? This
must also equal the price of the call at time T — 1. In other words:

0.333333S;_, —11.551155 = C;_,

The left-hand side expresses the amount invested in the levered portfolio: a third of a share of
stock, and $11.551155 in borrowed funds.

6. If the call sells for $2 at time T— 1, how can an investor earn an arbitrage profit? Prepare an
arbitrage table like those shown in Chapter 16 by finding the positive cash inflow at time
T—1 and showing that no matter what Sy is, there is a zero cash flow at time 7.

7. If the call sells for $1.50 at time 7'~ 1, how can an investor earn an arbitrage profit? Prepare
an arbitrage table like those in Chapter 16 by finding the positive cash inflow at time 7—1,
and showing that no matter what S is, there is a zero cash flow at time 7.

8. Would your answer to any of the foregoing questions change in any way if you knew that
the probability of the stock rising was 90%? Would your answers change if the probability
was only 5% that the stock would rise?

9. It is generally agreed that arbitrage cannot exist in well-functioning markets, simply
because investors maximize wealth. That is, they prefer more-to less. In other words, if an
arbitrage opportunity came along, investors would quickly exploit it to the maximum
extent possible. Do any of the foregoing results depend on the level of investors’ risk aver-
sion? Do they change if investors are risk neutral or risk seekers?
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You might be wondering how the third of a share of stock and the $11.551155 in debt were
chosen. They were computed because they are the unique numbers that equated the payoffs of the
call with the payoffs of the levered portfolio, and they will be algebraically defined by a set of
equations in the next section.

The answers to the quiz are presented next. However to get maximum benefit out of the
exercise, you should work out the solutions before proceeding with the rest of the chapter.

Answers to the Quiz

1. C7.,=5;u=025

2. CT,dZO; d=-0. 125
3. 50(0.333333)—11.551155(1.01)=5
4. 35(0.333333)—11.551155(1.01)=0 )
5. S7_1/3-11.551155=C,_,=1.782178, given S;_,; =40
6. Time T .
Time T—1 Sr=35 Sr=50
Sell calt +2 0 -5
Buy !/5 share of stock —-13.333333 +11.66667 +16.66667
Borrow . +11.551155 —11.66667 -11.66667
+0.217822 0 0
7. . TimeT
"Time T—1 ‘ Sr=35 S7=50
Buy call - =150 _ 0 +5
Sell /5 share of stock +13.333333 - ¢ —-11.66667 -16.66667
Lend -11.551155 = +11.66667 +11.66667
+0.282178 0 0
8. No
9. No

17.2 DERIVING THE BINOMIAL OPTION PRICING MODEL FOR
CALLS ON NON-DIVIDEND-PAYING STOCKS ‘

17.2.1 Assumptions

To begin, we assert that investors prefer more to less. This assertion is important because we can
be sure that all arbitrage opportunities will be instantaneously exploited under this assertion. In
addition, we make the following sets of assumptions.

1. Markets are perfect and competitive. This means that there are no transactions costs, no
margin requirements, and no taxes. Ini addition investors receive. full use of the proceeds from short
sales, and, if they wish, investors can trade fractions of securities (i.e., securities are infinitely
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divisible). Also they can trade all they want at the market orices at every aate. Finally, there is only
one interest rate. r, and investors can risklessly borrow and lend at that rate.

2. The periodic interest rate r, and the sizes of the uptick u and downtick d are known in every
future period. The stock can move only according to this “geometric random walk™ (up by u% per
period, or down by d% per period). It is not necessary for u, d, and r to be constant in every period.
It is only necessary for them to be known. In other words, u, d, and r are deterministic.

Note that there are some “assumptions” that you might think are necessary. For example, there
are no assumptions about the expected or required return on the stock. Also, there are no assumptions
about the investors’ degree of risk aversion, if any. Moreover, nothing is assumed about the prob-
ability of the uptick or the downtick. Note well, however, that we do assume that the pricing
process of the underlying asset is known. That is, we assume that we know the sizes of u and d in
each period.

Before we derive the single-period BOPM in the next section, we present an overview of how
call option prices are calculated using the BOPM. Today is time T—1, and the option expires at the
end of the single period, i.e., at time 7. To calculate a call-option price today using the BOPM, fol-
low these steps:

1. Define the stock price process. Given today’s price, the stock can take on one of only two
possible prices at the next date: (1+u) times the current stock price, or (1-+d) times the current
stock price.

2. Determine the terminal prices of a call option. There will be two possible call prices, one for
each possible stock price. These prices are equal to the intrinsic value of the call option at expiration.

3. Equate the payoffs of an unknown “equivalent portfolio™ of stocks and bonds with the pay-
offs of the call. There will be two equations (one for each stock price) and two unknowns (the
number of shares of stock to be bought and the amount of debt). Thus, the composition of the
equivalent portfolio can be determined.

4. Apply the law of one price: if two assets offer identical payoffs for every possible future
outcome (here, there are two possible outcomes that will occur at the next date: the stock will
change by either u% or d%), then today’s prices of the two assets must be equal. Since the equiv-
alent portfolio and the call offer the same payoffs, they must be worth the same today.

'17.2.2 The Derivation of the One-Period Binomial Option

Pricing Model

We start with a one-period, two-date model. At time T—1, the stock price is Sr—. At the option’s
expiration date, time 7, the stock price can take on one of only two values. If there is an uptick at
time T, then S, =(1+u)Sr_,. If there is a downtick at time 7, then the stock will take on the lower
value, S7,=(1+d)Sr_,. Graphically, this is depicted as follows:

/ Sru= A +u)Sr_
NS4S

The paramieters « and d are the possible rates of return on the underlying asset. For stocks, it is
realistic to expect u to be greater than zero and d to be less than zero. However, this might not be
the case for all underlying assets. For example, if pure discount Treasury bill prices were being
modeled, it might be more realistic to have both « and d greater than zero.

St
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The parameter r equals the riskless interest rate during the single period. To preclude arbitrage
opportunities, ¥ must exceed r and r must exceed d. If u and d were both greater than r. investors
could arbitrage by borrowing as much as possible to invest in the risky stock. At time 7, it would
then be certain that the risky stock price will be high enough to repay the loan and still have some
cash left over. In other words, if u >d >r, then

Time T
Time 71 Uptick Downtick
Borrow $1 —$1(1+n) -$1(1+7)
Invest $1 in the stock +$1(1+u) +$1(1+d)
Net cash flow=8$0 u—r>0 d-r>0

Similarly, we cannot have r>u>d, for in this case, no rational person would ever buy the
risky stock. After all, no matter what outcome occurs at time 7, the investor would have been bet-
ter off buying the riskless asset. Equivalently, we could demorstrate how an arbitrage profit could
be earned by selling the stock short and using the proceeds to invest in riskless securities. Problem
17.1 at the end of the chapter illustrates the arbitrage process if r>u>d.

Returning to the binomial model, if time T is the expiration date of a call option with a strike
price of K, the call will be worth C;,=max(0, S, —K) if the stock price rises. If the stock price
falls in value at time 7, the call would be worth Cy,=max(0, S;,—K). Graphically, we have

/

T Gy = max(0, Sy, — K) = max[0,(1 + d)Sy_, ~ K]

Cr.. = max(0,57,— K) = max[0,(1 + )S;_, — K]
CT 1

Now consider the possibility of forming a portfolio that will make the same payoffs at time T
as the call. We will buy a fraction of a share of stock, denoted by A, and invest $B in riskless bonds
(debt instruments). We will see that for a portfolio that is equivalent to a call, A will always be
positive or zero (nonnegative) and B will always be negative or zero (nonpositive). This means
that a call is equivalent to a portfolio consisting of a long position in stock and borrowing. This is
a levered portfolio (i.e., a purchase of stock made on margin). On the other hand, for a put, A will
always be nonpositive and B will always be nonnegative. Thus, a put is equivalent to a short
position in the underlying asset, combined with lending.

The debt—equity equivalent portfolio will require an investment of ASy_; + B. In the case of a call,

B<0,A20, and AS;_, 2|B|.* The debt-equity portfolio will either be worth ASy.,+(1+r)B if there-

is an uptick in the stock, or ASy,+(1+r)B if there is a downtick in the stock. Graphically, this is

— Ad+u)Sp_ +(A+n)B=AS; ,+(1+1)B

T AU+d)S;_ +(1+1)B=AS; ,+(1+1)B

AS; ,+B

Now, equate the payoffs of the equivalent portfolio with the values of the call at time T:
Ad+uw)Sy_+(1+r)B=Cr,
A(+d)Sy_ +(1+rB=Cy,

This is a set of two simultaneous equations with two unknowns, A and B. Our goal is to find
the values of these unknowns, in which case we will have defined a levered portfolio that pays off
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the same as the call. Solving the system of simultaneous equations, we get:

_Cr,—Cry _Cru—Cry.

= = i A20 (17.1)
(u—-ad)Sy_, ST,u - ST.d

_(+w)Cr, ~(1+d)Cr,
a (u—d)1+r)

B<0 17.2)

The general formulation for A and B merely alters the notation of Equations (17.1) and (17.2):

A= Cu _Cd _ Cu _Cd (17.3)

w-d)s S,-S,

g (LHwC, ~(1+a)C,
(u—d)1+r)

(17.4)

The value of A tells us the fraction of one share of stock to buy in order to replicate one call.’ That
is, 0 £ A< 1. The value of B, where B < 0, specifies how much to borrow to finance the investment
in the stock.

If the call and the debt—equity portfolio both offer exactly the same payoffs at time 7, then the
price of the call at time 7— 1 must equal the investment in the equivalent portfolio at time 7 —1:

Cro =4S +B (17.5)

The general statement that a call is equivalent to a unique levered position in the underlying asset
is thus®:
C=AS+B (17.6)

If the call sold for less than the equivalent portfolio, an arbitrageur would buy the call and sell the
equivalent portfolio (i.e., sell the stock and lend). This would lead to a positive cash inflow at time
T—1, with a zero cash flow at time 7, regardless of whether the stock rises or falls. Question 7 in
the quiz at the start of the chapter illustrates this.

If the call sold for a price higher than AS;_, + B, an arbitrage profit could be earned by selling
the call and buying the equivalent portfolio (buy the stock and borrow). Question 6 in the quiz
illustrates this.” :

Next, substitute the expressions for A [Equation (17.1)] and B [Equation (17.2)] into the
expression for the call value [Equation (17.5)]. After simplifying, we get:

_Nr=d(u—-d)Cp , +[(u—r)u-d)IC; 4

= I+r
or
Cr,+1-p)C
¢y, = Prat 0= P)Cra (17.7)
1+r
where
p=r~d and 1__p:u——r

<
|
QU

u—
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From this, we derive the general binomial option pricing model equation for the value of a call
option on a non-dividend-paying stock:

C:M%:_P& (17.8)

Equation (17.8) defines the BOPM single-period value of a call option. This must be the
value of the call if we know the process of stock price movements (the u and the d), if we know
the riskless interest rate, if we can trade without frictions such as commissions, if assets are
infinitely divisible (i.e., we can trade fractions of assets), and if investors prefer more to less.
Nowhere did we ever mention risk aversion. Investors can be extremely risk averse, not very
risk averse, risk neutral, or even risk seekers, and we would get the same result. Further-
more, nowhere did we mention the probabilities of an uptick and downtick. It does not
matter if investors assign a probability of 0.98 to an uptick, or if the probability of an uptick
is 0.01.

If time T is not an ex-dividend date, it can be demonstrated that the formula for the call value
in Equations (17.7) and (17.8), Cr_,, will always exceed or equal S7_;—K. Thus, we do not have to
worry that Equation (17.8) will produce a value that permits an arbitrage opportunity by violating
Proposition II" in Chapter 16. If it is certain that the call will finish in the money [i.e., (1+d)S;_;>K],
then Cr_y 2 S_,—K (if time T is not an ex-dividend day).

17.2.3 Risk Neutrality

Looking at Equation (17.8), it is tempting to view p as a probability measure, in which case the
value of the call equals the present value of the expected value of the call;

[(probability of an uptick x value of the call if the stock has an uptick)

+(probability of a downtick x value of the call if the stock has a downtick)]
1+r

Cro =

Of course in deriving Equation (17.8), we never considered probabilities.

Nevertheless, the parameter p does have one element of being a probability measure, since
0 < p <1, and there is one interesting case in which p is a probability. That occurs when investors
are risk neutral. If investors are risk neutral, they do not care about risk. All assets will be priced to
yield the same risk-free rate of return. If any asset had an expected return above the riskless rate of
interest, all investors would buy it, regardless of its risk (we are continuing to assume that investors
prefer higher expected returns to lower ones).

Define q as the probability of an uptick. If investors are risk neutral, the stock (like any asset)
must be priced to yield the riskless rate of return:

_q+w)Sy  +(1-g)1+d)Sy_ _ qSr, +(1=9)S;r 4
! I+r 1+r
_ the expected stock price attime 7 E(S;)

1+r 1+r

Sr
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Solving Sy_;={g(1+u)S_ +(1-g)(1+d)S7_}/(1+r) for q, we have:

q:u—d

This is the same value we found for p. In a risk-neutral economy, the call must also be priced to
yield the riskless rate of return:

C = qCr +0-q)Cry  pCr,+(A-p)Cr,  E(Cy)
-1~ =

1+r l+r T+r

Thus, the binomial option pricing model solution for the value of a call equals the value of a call
in a risk-neutral economy. The parameter p is the probability of an uptick in an economy charac-
terized by risk-neutral investors. However, keep in mind that p need not be the probability of an
uptick if investors are risk averse. In any type of market environment, it will always be the case
that p=(r— )/ (u—d).

The idea that options are valued the same in a risk-neutrai economy as in any economy has
led to the simplification of what were previously very complicated solutions of option pricing
problems.?

17.2.4 The Two-Period Binomial Option Pricing Model

Now we will extend the BOPM to a two-period world. We will assume that the process guiding the
price of the underlying asset is stationary over time. This means that we assume that u and d are
constant in every period. This assumption is not necessary to derive a multiperiod option model;
u and d are assumed to be constant only to obtain a “nice” call option pricing formula for a multi-
period case.

In a two-period world, time progresses as shown in Figure 17.1. Time T is the expiration date
of the call option. We continue to assume that there are no ex-dividend days.

The stock price process is:

St =1+u) Sp_,
Sriy =1+, <

S > Sy =+ )1+ d)S;

ST"‘,d = (1 + d)ST__Z

ST.dd = (1 + d)2 ST—2

T-2 T-1 T

The current stock price is S7_,. At the end of the next period, time T -1, the stock price can take on
one of two values, depénding on whether there is an uptick or a downtick. At the end of the second
period, time T, the stock price can be one of three values. Note that the time T stock price is the
same regardless of whether an uptick follows a downtick or a downtick follows an uptick. This
will always be the case if u and d are constants over time. Thus, there are two ways of realizing the
stock price St which equals S7.4,.
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| I I
T-2 T-1 T

Time

Figure 17.1

The pricing process of the call is:

/ s
Cr-z\ > Cr g = max[0,(+u)(1+ d)Sr_, - K]
Croia ’
T Cr g = max[0,(1+d)2S;_, — K|
T-2 T-1 T

We use a recursive process to solve for Cr_,. To do this, we start at the option expiration date
and work our way back to the present. Thus, we can compute the value of Cr_; , by the one-period
analysis we already learned. In other words, pretend we are at time T—1 and the stock just had an
uptick. In this case, we are in the following situation:

Stow =1+ Sp_,

o~ Sru = 1+ w)(1+d)Sy_,

Sro. =0+uw)Sr_,

/c,.,uu = max{0,(1+u)*S;_, — K]= max[0,(1 +u)Sy_, , — K]

CT—I u
RN
™~ Cr. g = max[0,(1 +u)(1 + d)S7_, — K] = max[0,(1+ d)S;_; , — K]

In this case, it is as if we are in a single-period world. Equation (17.9) defines the value of the call
at time 7—1, given that there was an uptick during the first period:

_ pCT,uu + (1 - p)CT,ud
CT—l,u - 1
+r

17.9)

Equation (17.9) is just a restatement of the general single period BOPM call pricing model
on a non-dividend-paying stock, Equation (17.8). The only difference is a slight change in the
notation.

Now, let us assume instead that we are at time T—1, but instead of an uptick. there was just a
downtick realized in the first period. Thus, the situation facing us is:

ST,ud = (1+ u)(l + d)ST_2
Spota=(+d)Sr_s ~

ST,dd =1+ d)2 ST—2
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ya Croua = max[0,(1+ w)(1+ d)Sy_, — K] = max[0,(1+u)S;_, , — K]

Cr_
T-tds ,
Cr.qa = max[0,(1 + d)" S7_p — K]=max[0,(1+d)S;_; ;, — K]

Again, once we know that there was a downtick in the first period, we are in a single period world,
and we can use the general equation, (17.8), to find the value of the call:
C _ PCrua + (1= P)Cr 44
r-td 1+r
At this stage, we know the value of the call if there is an uptick in the first period, and we also
know the value of the call if there is a downtick in the first period. In the recursive process, we now
move back to time 7 —2, and again apply the single period BOPM principles:

(17.10)

e
S =085
S, “ s
Sroq =01 +d)ST—2\

/ e
/ CT—l,u\
CT—Z\ P
CT—l,d\

At time T —2, we can invest in a levered portfolio that will provide the same payoffs at time
T—1 as the call. The initial investment of ASy_,+B will take on one of two values, depending on

whether there is an uptick or a downtick during the first period:
(+u) AS; , +(1+r)B=AS;_,+(1+r)B

ASy_, + B\
(1+d)ASy_, +(1+r)B=AS;_| , +(1+r)B

Now, equate the time T—-1 payoffs of the equivalent portfolio with the values of the call at

time T-1:
Ad+w)Sy_,+(1+rB=Cy_;,
A+d)Sy_, +(1+1r)B=Cr_y 4
These consist of two simultaneous equations with two unknowns, A and B. Solving them, we get:

_Craw—Craa CT-—I,u - C;T—],d (17.11)

(u—d)Sr_, - ST—],u_ST—],d

B (I+u)Cr_y 4 —(+d)YCr_,y, (17.12)

(u—-ady1+r)
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Note that the equations are identical to Equations (17.3) and (17.4). These equations define the
investment in A shares of stock and bonds (but remember that for calls, B<0) at time T -2, that
creates a portfolio having payoffs that are the same as those from the call at time 7—1.

If two assets or portfolios offer the exact same payoffs at time T—1, they must sell for the
same price at time T —2. We have

Cr,=AS; ,+B (17.13)

where A and B are defined as in Equations (17.11) and (17.12). Now, substitute Equations
(17.9) and (17.10) into (17.11) and (17.12), and then substitute the resulting expressions
into Equation (17.13). The result is the value of a call when there are two periods before its
expiration date:

C — pZCT,uu + 2p(1 - p)CT,ud + (1 - p)2 CT,dd
-2 (1+r)?

(17.14)

All the variables on the right-hand side of Equation (17.14) are known. The value of p is
(r—d)/(u—d). The time T value of the call can take on one of three values:

Cr o = max[0, 57, — K= max([0,(1+u)S;_, — K]
Cr ua = max[0, Sz, — K] = max[0,(1+u)(1 + d)Sr_, — K]

Cr,aa = max[0, Sy, 4, — K1= max[0,(1+d)*S;_, - K]

There is one more important concept to be learned in this theory. A portfolio of stocks and
bonds can offer the same payoffs as any option. In other words, any option can be replicated by
using stocks and bonds. However, the replication is a dynamic process. The values of A and B that
we compute at time T—2 will not be the same as the values that exist at time T—1. Thus, at the end
of every period, the composition of the equivalent portfolio changes. When you buy an option,
there is a one-time cash outflow, and no other cash flow takes place until the option is sold or
expires. If we are to claim that a dynamically adjusted portfolio of stocks and bonds is equivalent
to an option, it must be the case that no other cash flows occur at all the equivalent portfolio’s
intermediate dates, when A and B change.

It turns out that the equivalent portfolio offers this property, which is called self-financing.
Although A and B change over time, there are no additional cash requirements needed to con-
tinue the replicating process. If A increases, more shares must be bought at the new, higher stock
price. However, there will be an increase in B equal to the product of the change in A and the
new stock price. The value of the new shares to be purchased equals the increase in required
borrowing.

Likewise, if the price of the underlying asset declines, A will decline, and shares will have
to be sold to continue the replicating process. However, the proceeds from the sale of shares,
at the new stock price, will exactly equal the decline in borrowing needed to maintain an
equivalent portfolio. The self-financing property is illustrated in the example developed in
Section 17.2.5.
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17.2.5 A Numerical Example of the Two-Period Binomial
Option Pricing Model

' smgie—-penod BOPM pricing model dt each step. If there i

EXAMPLE 17.1  The current stock price be $20 per share. The stock can eitherrise by .
20% per period or fall by 10% per period. The riskless interest rate is 10% per period.
Find the value of a call option with a strike price of 20, having two periods until expira-
tion. Also, at times T—2 and T~1, find the composition of the portfolio of stocks and
riskless debt that is equivalent to the call, and demonstrate that the payoffs of this equiv-
alent portfolio are indeed the same as the payoffs of the call Fmally, show that the equiv-
alent portfolio is self -financing. . P : T

Solution ~ Since #=0.2, d=-0.1, and r=0.1, the value of pis

Next map out the stock prlce process (somenmes, this is called the “bmomlal tree ’)

: /288

/ 016
\8

/\/

162
The pricing process for the callis L
_Cry =max[0,28.8~ 201 88

G
u\cm..max[a 216- 20} 16 ;

CM\
Cr.ga = max[0,16.2 —:20,] =0

From here, the problem is solved recurswely, moving from

per:od Equauon (17 9 determmes the pnce of thc call

Y , 1 1 :

Cr-t i

: If there isa downtwk durmg the first penod Equauon (l 7. 10) dete:mmes the value
of the call:

Cropg = EHOHDO 0969697
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To find the value of the caﬁ at ume T-«Z we can w o1 >
since we know the value of the call at time T~ 1 if there is an up!
and we also know the value of the call at time
petiod, we are in a smgle-penod simamm that iooks i

The general smg1e~period BOPM ’uanon {17 8
time 7—2: g

(213)(5 8181) + (1/3)(0“969697)
By

Alternatively, we couid use Equatxon ( 17' 14 dm:c&

,CT

Crap=

general formulas (17.3).and (17 4) At t;mc T 2 Equanons ( l
versions of (17.3) and (17.4) that are used 10

Crogu— Cf_w 58181 —0969697
St ST—ld 1214 ;

A=

A+0)Cp, -1+ d)CT;; i (1 2)(9 96969
- (u— d)(l ) ‘ :

This says that an investor who bought 0 8080808 share of stock
$20/share, and borrowed (because of the negative sign) $12.3415¢
levered portfolio that pays off the same as the call, regatdl
* uptick or a.downtick. ,

The cost of the levered portfolio is:

AS+B=(0. 8080808)(”0) 12 341598 3 8200

This is the same as the value of the call we Just compuwd except
error. If the stock has an uptick in the .first pencd then thc 1evereé: )
worth: ,

ASy_y, +(1+7)B= (0.8080808}(24)’~ a. 1)(12:341598’)‘% 5.818182
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which is the same value as the call if tﬁe stock rises at time T;-; i
the ﬁrst per:od the levered portfohﬁ would be worth

time T—-l We will also venfy that each is self ﬁnancmg, s0 that no adm
occur whcn rephcatmg thc opuon Becausc there are twe possable sw

of stock must bq pumhased at $24Jsham, A
,$4 60606 The o!d mdebtedness was $12 3415¢

B (I+u)Cé (i+d)€n (l 2){(}) ;
T weauen 02-C0DI0. z)
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However, the new replicating portfolio also requires the borrowing of less money. The
loan established at time T—2 was $12.341598. Including interest, the total loan at time
T—1is then $13.575758. If the proceeds from the sale of stock are used to repay the loan,
the remaining loan balance is ($13.575758-$9.212126 =) $4.3636316. Note taat this
equals the new —B value for the replicating portfolio (except for a small rounding error).

Thus, we have shown that at each date and possible stock price, there is a portfolio of
stocks and bonds that will offer the same payoffs as the call. The dollar value of this port-
folio equals the price of the call, at each date and possible stock price. Finally, the equiv-
alent portfolio was shown to be self-financing. The final time path solution to the call
values and composition of the equivalent portfolio is shown in Figure 17.2.

CT,uu= 8.8

Cr.1,=5.8181818

A=10

B=-18.181818
Cr,=3.820018

Cr.=16

A=0.8080808 Tud
'B=-12.341598

Cr1,4=0.969697

A=0.296296

B=-4.363636 :

-2 T-1 , T

Figure 17.2 Call values and composition of the equwalcnt portfolio of Example 17 1. (Here and
in other figures in this chapter, dollar signs are omitted for cianty)
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17.2.6 The Multiperiod Binomial Option Pricing Model

Equation (17.15), the three-period version of the BOPM, can be derived using the same logic as in
Section 17.2.4:

p3CT,uuu + 3[72(1 - p)CT,uud + 3p(] - p)2 CT.udd + (] - p)1 CT,ddd

Cr =
- (1+r)’ (17.15)

We can rewrite this in a different way. First, we want to know how many ways a stock price can
reach a terminal value in a binomial process. In other words, in n periods [in Equation (17.15),
n=3], how many ways can the stock realize j upticks, where j=0, 1, 2, 3? Recall that if the stock
pricing process is stationary over time, the order in which the upticks occur does not matter: uud,

u fa
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udu, and duu will all result in the same time T stock price. The answer is given by the binomial

(”) n'

Thus, if n=3, how many ways can we get two upticks and one downtick? The answer is:

3 Ix2xl1 6
= =— =73 ways
213-2)! 2xDHx1) 2

How many ways can a stock realize 6 upticks in 10 periods? The answer is:

100 10x9x8XTx6Xx5x4x3x2x1 _10x9Ix8x7
61(10-6)! (6x5x4x3x2xD)x(4x3%x2x1) 4x3x2x1

=210 ways

Equation (17.15) can be rewritten as follows:

3) , 3, 3 , 3 ;
3 14 CT.uuu+ 5 p (l_p)CT,uud+ 1 p(l_p) CT,udd+ 0 (l—p) CT,ddd

A+r)

Cry=

where

Cr‘uuu
C, g = max[0, A+ u)* (1 +d)' Sp_3 — K]
C,iq = ax[0, 1+ uw)' (1+d)* S;_3 — K]

C, aa = max[0, 1+ u)’°(1+d)’ S;_3 ~ K]

=max[0, 1 +u)’ A +d)° S;_; — K]

We can also write Equation (17.15) as follows:

1 w(3); _ , y
Crs= Ty Z‘O(I_)pl(l ~ p)*7 max[0,(1+ ) (1+d)* 7/ S;_; — K]

Thus, letting 7 equal the number of periods and j equal the number of upticks, the general multi-
period BOPM for a call with n periods until expiration is:

1 Z : . A w
= R Z(j)pj(l—p)" I max[0,(0+uw) (1 +d)"/ S;_, — K] (17.16)
j=0

Now, let a be the minimum number of upticks needed to result in the call finishing in the money.
This means that we will ignore all the outcomes in which the call’s time T value is 0. If j <a, then
the call is worthless. Then the model becomes:

n

1 n j n—j j n—j -
C:(1+r)" Z(.)p’(l—p) TK+u)y Q+d)"7 S, — K] (17.17)

jatt
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Note that (1+u)’(1+d)" ’ST_,,—ST| j=the time T stock price, given that there are j upticks (and
—j downticks). Furthermore, (1+u)’(1+d)"?S;_,—K= Cr|j=the time T call value, given that
there are j upticks.

Equation (17.17) is a formidable-looking formula, but Example 17.2 will illustrate just how
easy it is to use. Remember, this formula is to be used to value calls only when there are no ex-div-
idend days between today and the option’s expiration date.

It is critical to learn the steps and logic behind the derivation of the multiperiod BOPM for
two reasons. First, the model can be used to value calls on dividend-paying stocks, and in particﬁ—
lar, to determine the times at which early exercise will be optimal for the call owner. And second,
sometimes the user will believe that the pricing process behind the underlying asset will change
over time (the u, d, and r need not be stationary over time). In both these cases, there is no simple
model to determine the call’s value. Rather, the recursive, step-by-step solution to the BOPM must
be worked out. Fortunately, computers can do the job for us.

Cox and Rubinstein (1985) show that carving the time to expiration into as few as five inter-
vals provides estimated call values reasonably close to those found by using the continuous time
Black-Scholes option pricing model (BSOPM). However if great accuracy is important, and com-
putation time (using a computer) is relatively unimportant, Cox and Rubinstein (1985) and Jarrow
and Rudd (1983) recommend carving the time to expiration into 150 intervals. More intervals are
needed when early exercise is a consideration.

17.2.7 A Numerical Example of the Multiperiod Binomial
Option Pricing Model

491

EXAMPLE 17.2 Find the value of a call opnon ona non—dlvzdend»pamng émckﬂ)a; - :

has the following parameters:

n=6 months
u = (.05/month
d =-0.04/month
r=10.01/month
K=25
Sr6=30
This problem was developed whcn a class was ask
of XYZ sells for $30/share, what is the highest reasonable
sell six months hence?” A typical answer was $40-$45 per

_asked to estimate the lowest stock price at which it could 1
typical answer was in the range of $20-$25 per share.

Solution When estimating u and d, it should always be the case that u>{d},;since:stmks

should always be priced to increase in value. They are risky assets, and in well-function-

ing markets ought to be priced to provide positive returns, almost always in excess of the
riskless rate of interest. As you will see, we made the arbitrary selection of ¥=0.05 and
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d=-0.04 to generate a highest price (given 6 upticks) and a lowest price (given 6

~downticks) in the ranges believed possible. Thls isa reasonable approach to obtauung an

estimate for w and d. ,

Table 17.1 presents the number of upticks ( j), the number of ways that j upticks can
be realized (', the resulting time 7 stock price (S7), and the resulting expiration day call
value (C;= S’T ~K).1° Additionall y we can dete,rmihe the value of p as follows:

_r- d 001 ~(=0.04)
T u- d 0.05— (~OO4)

= 0.55556

The parameter a is the minimum number of upticks needed to ensure that the caﬂ ﬁn— ~

ishes in the money. When K=25, the value of a is 1. That is, if there is one uptick, then -~

the: call will finish in the money. If wc were evaluatmg acall with a smke price of 30,
then a=3.

. TABLE 17.1 Computation of Sy and C} in-a Binomial Framework

. n ‘
J . Sr Cr

6 — = ©30(1.05)°=40.2029 152029

O s ; 30(1.05)’(0.96)’:36.7569 11756
4 2 15 300105'0967=336063 86063 :
3 —-.—..20 L0 096=307258 o osmss |
2 2 15 30(1.05/%(0.96)*=28.0921 o 3.0021 |

6!

'11_572 30(1.05%0.96°=256842 068427

6!

B lao 30(1.05%096)°=234827 00
016! : e
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- Therefore, the multiperiod BOPM estimates the call’s value to be: -

'7*:'~:‘i1' 6 6 6\ . - .
Crg= W[(G)pﬁa = p)"% + (SJPS(I -p)'Cys +( 4)1:4(1 - p)2¢T14 +]

“which is:

(1)(0:556)°(0.444)°(15.2029) + (6)(0.556)°(0.444)' 11.7569)

_ Cre= -1-(-:?6 +(15)(0.556)* (0.444)7(8.6063) + (20)(0.556)°(0.444)*(5.7258)
T U5)(0:556)2 (0.444)* (3.0921) + (6)(0.556)! (0.444)5 (0.6842) + 0
- =$6.4599 i |

17.3 USING THE BINOMIAL OPTION PRICING MoDEL To VALUE
CALLs ON DIVIDEND-PAYING STOCKS

17.3.1 European Calls on Stocks That Pay a Discrete
Percentage Dividend

The BOPM formula [Equation (17.17)] can be used to value European calls or American calls on
non-dividend paying stocks. In this section, the equation is modified to treat the case in which the
underlying stock pays a percentage of its value out in dividends at the end of one (or more) peri-
ods before the expiration date of the European call option. Here this percentage is assumed to be
constant. ‘

Saying that a stock will pay out a constant fraction of its value in dividends is just another way
of saying that the stock has a constant dividend yield. For example, if the dividend yield is 1% and
if the stock price is $10/share, the dividend amount is $0.10, and we assume that the stock will fall
in value by that amount whenever it trades ex-dividend. Stocks do not pay dividends in this way.
Firms almost always pay a fixed dollar amount, occasionally increasing that dollar amount when
earnings increase.!! But if foreign exchange, a well-diversified stock index, or a futures contract'?
is the underlying asset, the constant dividend yield model may be applicable.

Define 3 as the constant dividend yield of the stock and assume that the dollar dividend
amount (= 8S) is paid at the end of one or more periods before the call’s expiration date. Further
assume that the stock price declines by the dividend amount when paid. The stock’s ex-dividend
date and dividend payment date are assumed to be the same. If there are m ex-dividend dates
before expiration, n periods to expiration, and j upticks, then the time T stock price is:

Sr=0+uy(1+d)"7(1-8"S,_,
Suppose there are n=>5 periods until expiration and that the stock will trade ex-dividend at the end

of the first and fourth periods. Let the stock price today equal S, s=20, u=0.1, d=-0.05, and
5=0.02. Then, Figure 17.3 shows the time path of possible stock prices.
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30.93468 =20(1.1)°(0.98)?

28.69636—>28.12243

PN

26.0876< 26.71631=20(1.1)%(0.95)(0.98)>
23716 < / 24.78322-> 24.28756<
22.5302
22_)21'56< / \ 23.07318 =20(1.1)%(0.95)%(0.98)*
/
20 20.482\ 21.40369-> 20.97562\
19.92684 = 20(1.1)2(0.95)3(0.98)2
19_}18.62< 19‘4579< (1.1)(0.95)°(0.98)
17,689 < 18.48501—>18.11531<
16.8046< 17.20954 = 20(1.1)1(0.95)*0.98)?
15.96432 > 15.64504

14.86278 = 20(0.95)3(0.98)?

Figure 17.3

The arrows (—) denote that the stock trades ex-dividend. The stock never actually trades at
the cum-dividend price. For example, in the first period, the stock either rises from 20 to 21.56 or
falls from 20 to 18.62.

Note that in this constant dividend yield model, it does not matter when the ex-dividend days
occur. We have specified that they occur at times 7 — 4 and 7 —1, but the same time 7 stock prices
would result if we specified any two dates.

Since the options are European, the expiration day value of the call, given j upticks, is
max[0, (1+uy(1+d)"7(1- 8)"Sr_s—K]. The multiperiod BOPM is:

n

— " P A= py A+ w) A+ d) (1= 8)" Sy, — K
*(1+r)"2 j[P(—P) A+w) A+d)"/(1-0)"Sr_, — K] (17.18)
j=a

The single-step, recursive process that leads to Equation (17.18) is the same as the one used in
the no-dividend model. Let us just examine the upper right portion of the foregoing pricing process
for the stock:

30.93468
2869636 — 28120437
2608767 | > 2671631

N\ 2478322 > 2428756
N 307318

T-2 T-1 T
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We will find the value of a call with a strike price of 25 at time T—2. At time T—2, Sy,
=26.0876. Since Cr=max[0, S; — K], we have the following call pricing process:

Cr o = 5.93468

Crq =1.71631

Cr.

T 2\ /
Craa =0
If we assume that r=0% per period, the value of p is:

_r—d _0.00-(-0.05)
u-d  0.10-(~0.05)

=10.33333
Equation (17.18) can be used to find C7_, in one easy step. Expanded, Equation (17.18) says:

Cra= — (P21 - pOIA+ w1+ (1= 8)'S, ., — K]
(+r)

+121p' 1= p) N+ w)' 1+ d)' (1= 8)' S;_, — K]
+[[p°A = p)?NA+w)° (1 + )2 (1-8)'S;_, — K]}

There must be at least one uptick for the call to finish in the money. Thus, a =1, and the last term
in brackets, for j=0 upticks, equals zero. Substituting values in for the symbols, we have:

Crr= EIO? {[1]1(0.3333)*(0.6667)°1[(1.1)*(0.95)°(0.98)' (26.0876) — 25]

+[2][(0.3333)' (0.6667)' 1[(1.1)! (0.95)' (0.98)' (26.0876) - 251+ [0]}

Cr_o =1{[1][0.1111][30.93468 — 25]+[2][0.22222){26.71631 - 25]} = 1.4222131

Alternatively, we could use the recursive method to find call values at each date and state of
the world. First, use general equation (17.8) to compute C;_, ,,and Cr_, 4.

~(0.33333)(5.93468) + (0.66667)(1.71631)
~lu
’ 1.0
_(0.33333)(1.71631) + (0.66667)(0)

Croiq= . =0.5721033
rid 1.0

C; =3.1224333

Then compute Cr_,:

(0.33333)(3.1224333) + (0.66667)(0.5721033)
1.0 '

Cr, = =1.4222133 °
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The compositions of the equivalent portfolios are found by using general equations (17.3) and
(17.4). At time T—2, the call is in the following situation:

Cr_1,=3.1224333
Croy

o~ Cr_1.4 =0.5721033

The equivalent portfolio will follow the following pricing process'>:

- ASexro1u T AV, + (T4 7)B = AS 4 gy 7-10 T A+ 7B
AS; ,+B
ASex -1, + Adivy +(1+7)B = ASyiny giv, 71,0 +(1+7)B

Equate the payoffs of the equivalent portfolio to those of the call:

ASyith-div,7-1,u TA+1B=Cr_y,

ASyith-dgiv,r-1,4 A +r)B=Cr_ 4

Compare these equations to those that led to general equations (17.3) and (17.4). They are
identical, except that here, the with-dividend stock prices are used. This will always be the case if
we assume that the stock price is expected to decline by the dividend amount. Consequently, when
the two simultaneous equations in AS are solved, the solution for A uses the with-dividend stock
price in the denominator:

_C,-C; 3.122433-0.5721033

A= =
S,—S, 28.69636-24.78322

=0.6517349

Equation (17.4) is used to find the value of B at time 7—2:

_1+wC—(1+d)C, _ (1.1)0.5721033) - (0.95)(3.1224333) _
T w-d)(1+r) [0.1—(-0.05))(1)

—-15.57999

Thus, if you buy 0.6517349 share of stock at the T—2 price of 26.0876 and borrow $15.57999
(at zero percent interest), the payoffs are equal to the call. If the stock price rises, the dividend is
$0.57393/share. Because you own 0.6517349 share, you get a dividend of $0.37405. Add this to
the new ex-dividend value of your shares, which is (0.6517349 x 28.12243 =)$18.3282369, and
you have $18.70242. Repay the loan of $15.57999, and the time T—1 ex-dividend value of the
equivalent portfolio is $3.12243. Except for a miniscule rounding error, this equals Cr_; ,.

Given there is an uptick in the first period, at time T— 1, the equivalent portfolio’s composition is:

_C,-C, _ 593468-17631 _
S-S, 3093468-26.71631

B= (1+u)C, -(1+d)C, _ (1.D(1.71631) - (0.95)(5.93468) _
u—dyl+r) [0.1=(=0.05)](1)

A

-25.0
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The payoffs of the equivalent portfolio are identical to the call’s payoffs. If there is an uptick in the
second period, the value of the single share rises to $30.93468. Subtract the (interest-free) loan of
$25.0, and the equivalent portfolio is worth $5.93468. The latter equals Cy-,,,,.

Furthermore, the equivalent portfolio is self-financing if there is an uptick in the first period.
At time T—2, you had 0.6517349 share. You also received a dividend of $0.37405, which can
be used to buy 0.0133008 additional share of stock at the time T-1 ex-dividend price of
$28.12243/share. Thus, you have 0.6650357 share, ex-dividend, and the new equivalent portfolio
requires that you have 1.0 share. Therefore, you must spend $9.420011 to buy the additional
0.3349643 share of stock at $28.12243/share. However, you originally had borrowed $15.57999 at
an interest rate of zero, but now the equivalent portfolio requires you to borrow $25. The additional
borrowing of $9.42001 will exactly pay for your additional shares of stock (except for a small
rounding error).

Finally, the same analysis can be applied if there is a downtick in the first period. This is left
as an exercise for the student (see Problem 17.8 at the end of the chapter).

In summary, if we assume the stock has a constant dividend yield, the muitiperiod BOPM is
easily modified to value European calls. You must, however, know the number of times the stock
will trade ex-dividend before option expiration. Then, the possible time T stock prices are

Sy =(+uy (1+d)" ' (1-8)"S;_,

when there are n periods to expiration and m ex-dividend dates prior to that date. Just let j=0,
1,..., n upticks to find each possible stock price at expiration. The formulas to find the equivalent
portfolio are the same as we found earlier, except that if the stock trades ex-dividend at the next
date, you must remember to use the with-dividend stock prices to find A.

17.3.2 European Calls on Stocks Paying a Discrete, Known
Dividend Amount

Here, we assume that we know the dates at which the stock will trade ex-dividend, paying a known
dollar dividend amount. The model can even be extended to assume that if the stock has an uptick,
there will be a known dividend amount, div,, and if the stock has a downtick, it will pay a differ-
ent known amount, div,. This provides additional realism to the stock pricing process being mod-
eled, since if the stock rises, it is likely that the company’s profits have risen and a higher dividend
will be paid. One of the great advantages of the BOPM is that such situations can be easily
handled. All you need to understand is the basic single-period BOPM logic.

Unlike the constant dividend yield BOPM, there is no “simple” equation, such as Equation
(17.18), that provides a call value. This is because when the stock pays a dividend amount, it
becomes important to know the exact ex-dividend dates. In the constant dividend yield example
of Section 17.3.1, it mattered only that the stock was going to trade ex-dividend twice before the
expiration date. Now, it matters when those dividends will be paid. For example, consider
Figures 17.4 and 17.5, in which n=3, u=0.1, and d=-0.05. In Figure 17.4 the stock trades
ex-dividend in the amount of $1 at time T—2. In Figure 17.5, the stock trades ex-dividend in the
amount of $1 at time 7—1. As you can see, the time T stock prices differ. Also, the number of
possible time T stock prices differ depending on when the ex-dividend day occurs. The impact
of this is that to use the BOPM to value a European call, it is necessary to use the single-period
model recursively.

497



498 17 THE BINOMIAL OPTION PRICING MODEL

/25.41
23.10
22921\ 21.945
/ 19.95
20 18.9525
21.78
\ 19.80
/
19 518 18.81
AN
17.10
16.245
T-3 T-2 T-1] T

Figure 17.4 The stock trades ex-dividend at time 7—2.

25.52
242 5232 <
20.04
22
21.89
20 20.9 >19.9 <
9 18.905
18.755
18.05 > 17.05<
16.1975
T-3 T-2 T-1 T

Figure 17.5 The stock trades ex-dividend at time T—1.

You should be able to work out all steps in the recursive single-period BOPM. For each
outcome at each date, you should be able to find the value of the call, find the composition of the
equivalent portfolio, verify that the payoffs of the equivalent portfolio and the call are equal, and
verify that the equivalent portfolio is self-financing.
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17.3.3 American Calls on Stocks Paying a Given Dollar
Dividend Amount

The recursive single-period approach must be used when American calls on stocks paying a given
dollar dividend are to be valued by means of BOPM. One benefit of the model is that the dates and
outcomes in which the call will be exercised early will be specified. In fact, you can even estimate
the probability of early exercise.

At each date and state of the world, the value of the American call is:

max[Mi,S—K:l (17.19)
1+r

In other words, you first use Equation (17.7) to find the value of the call. If the resulting
value is less than the intrinsic value, Proposition II' from Chapter 16 has been violated. There-
fore, in these cases, the American call will sell for its intrinsic value instead of the value from
Equation (17.7).

For any outcome at any date before expiration, the American call will be exercised early by
rational investors whenever it sells for S—K. This is because investors can use the equivalent port-
folio of stocks and bonds to replicaic the American call’s payoffs at a lower cost than the price of
the call (its intrinsic value). In other words, an investor who wished to own the call eould repli-
cate it at the lower cost of [pC,+(1 — p)C,l/(1+7r), rather than buy the call for S—K. Likewise,
if an investor currentlv owned the call, and wished to continue owning it, it would be rational
to exercise it and then replicate it using stocks and bonds. Again, the cost of replication is
iess than S—K.

To illustrate, consider the example in Figure 17.5. Wz will value both an American call and a
European call; the strike price is 20. First, use Equation (17.7) to value the call at each date and
state of the world. We work from right to left. The values of u, d, r, and p are 0.1, —0.05, 0.0, and
1/3, respectively.

Time T-1
/ CT,uuu =5.52
C +(1-p)C
CT—l.uu\ CT‘],uu = P Loio 1( p) Tuud =3.20
. +r
CI‘.um/ =2.04
// CT.udu =1.89 pC +(1 p)C
’ T ud) B T,udd
CTAl,ud N CT‘l.ud = £ 1 =0.63
S Gy = 0.0 T
Toudd — V-
- Crun =00 | c
. - PCr gy U= P)Cr 4y
Crotau Crenad T Lddd _ 0.0

L ) 1+r
Cryaa = 0.0
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Time T-2
Cr 1w =320
/ C +(1-p)C
CT—Z,u\ Crogu= BTt ](+ " PYCr1ua =1.486667 (Eurgpean)
Cr_1ua =0.63

Because this value is less than the call’s intrinsic value, the American call sells for Sy, — K,
which is 2. At this price, all rational owners of the call will exercise it, because the same call can
be replicated with an equivalent portfolio of stocks and bonds at a cost of only $1.486667 (which
is the value of the European call). The American call owner can exercise the call, paying $20 for a
stock that he then sells for $22, resulting in a cash inflow of $2. Then, he can invest in a levered
portfolio that offers the same payoffs as the call but requires a cash outlay of only $1.486667. The
final result is a cash inflow of $0.51333 at time 7—2. However, the cash flows at time 7— | are the
same regardless of whether the investor owns the call or invests in the levered portfolio.
Continuing with the call value computations, we write:

/ T-1,du pCT-],du +(1- p)CT_l,dd
Croou ' Crooa= -0

I+r
CT—],dd = 0.00

There are two values (one American, and one European) for the call to be determined at time
T—3. The American call is valued by using the American call values at time T—2:

/CT—Z‘M =2
Cr_y, +(1-p)C
Cra_ Cyy = DoT2u ](+ PYCr2d _ 6 806667 (American)
. r
CT—2‘d = 0.21

Because 0.806667 is greater than S— K, the American call will not be exercised early at time T—3.
The value of the European call at time 7—3 utilizes the European call values at time T—2.

Cr_y., = 1486667

C +(-p)C
Cr C;p = P20t UmPCraa 635556 Buropean)

N 1+r
\CT—Z,d = 0.21

Next, find the equivalent portfolios at each date and possible outcome. In each case, we use
Equations (17.3) and (17.4).

A G=C (17.3)
Su _Sd
g 1+wC-(+d)C, (17.4)

wu—-dY1+r)



